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Chapter 1

Introduction

! Ref Chapters 1, 2.1-2, 6.1-2, 7.2, 11.3, 11.6

1.1 Introduction

In this section, we will give the belief introduction about the linear program and basic idea of

optimization. The detail you can check out in the textbook Luenberger et al. (1984)

min ¢’z
st. Az =1b (1.1)
reK

This is the conic linear program depending on the set K

e linear program: when K is the non-negative orthant cone
e second order cone programming: when K is the second order cone

e semidefinite cone programming: when K is the semidefinite matrix cone

. min 2x1 + xo + a3
min 2z + 22 + T3 min  2xy + 2 + @3

st. z1t+ast+x3=1
st. 1 +a9t+a3=1 st. wpt+xetaz=1 ! 2 8 (1.2)

/ Ty T2
$1,$2,$3ZO fE%‘i‘x%SIl [
T2 I3

They are LP, SOCP, and SDP respectively.

=0

Definition 1.1. A symmetric matrix M with real entries is positive-definite if the real number
2T Mz is positive for every nonzero real column vector z

1First Revision: TBC
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Figure 1.1: facility allocation

1.1.1 Facility Location Problem

Definition 1.2. For a real number p, the p-norm or LP-norm of x is defined by

llellp = O lal?)'/?

Consider this unconstrained optimization, and let c¢; be the location of client j = 1,2, ...,m and

y be the location decision of a facility to be built. Then we solve
min Y |ly — ¢l (1.3)
J

In the sense, we will get the different optimal solution depending the value of p. The figure will

illustrate Obviously, the green lines represents the different norm p € [1, 2]

1.1.2 Sparse Linear Regression Problems

Our target is to minimize the number of non-zero entries in x such that Az = b

min ||z[lo = [{j : ; # 0}
st. Az =0b

(1.4)

Our target to minimize the number of zero in the vector or the rank in the matrix. And we use the

linear regression to illustrate the idea of LASSO

Example 1.3.

N
min {Z (yi — 60 — I;Tﬁ)z}
Bo,B P

p
st Y |Bl <t
j=1



Here By is the constant coefficient, 5 := (b1, Bz, .. ., Bp) is the coefficient vector, andt is a prespecified

free parameter that determines the degree of reqularization.

Letting X be the covariate matriz, so that X;; = (mi)j and zI' is the i row of X, the expression

can be written more compactly as

. 2
min —Bo— X
N ly Bli3

0,

5,1, ”B”l <t

N NP
where |[ul|, = (Zi:l | ) is the standard (P norm.

Denoting the scalar mean of the data points x; by T and the mean of the response variables y; by

Y, the resulting estimate for By is Bo = g—xLp, so that
% - _ \T
Yyi—Po—aziB=yi—(§—2"B)—2]B=(y;—9) — (xz; —2)" B

It can be helpful to rewrite

1
in  —|ly— X33
min - lly = X5l

st 8l <t
in the so-called Lagrangian form
1
in —|ly— XB|3+ A — Xt
min —lly — XB5 + AllSlh

where the exact relationship between t and X\ is data dependent.

Sometimes this objective can be accomplished by LASSO.

n

min |zl = ) |a]

i=1 (1.5)
st. Ax=1>

In this figure, we can illustrate why we could approximate the sparse problem by 1-norm. In the
two dim, the polyhedron will touch the vertex of the 1-norm. In the sense, the vertex will (1,0) or
(0,1). It will reduce the number of zero in the vector. Moreover, we also use the p-norm to solve

this problem
min [|Az = bl|> + B0 |a;[) (1.6)
j=1

Usually, we let p = % Then we use the cross validation method to estimate /3

1.1.3 Support Vector Machine

Denote a; € R? and b; € R?. We like to find a hyperplant, slope vector = and intersect scalar

st. alx+xo+ > 1,V (L)
b?x—}—xo <-1,Vj .
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Figure 1.2: Approximation of Sparse Problem with 1-norm

This is a linear program with the null objective. Frequently we add the regularization term on the

slope vector

min  + pljx|?

s.t. al-Tx—i—xo +B8>1,Vi
bij—i-:Eo -B<-1Vj
B=>0

The 3 is the error parameter. It is the relaxation method to compute the hyperplane. Moreover, we

can imagine the separating boundary is the ellipsoid. Let recall the college knowledge

-l

Then we can have the ellipsoidal separation

min trace(X) + ||x||?
subject to a} Xa; +a; x +xg > 1,Vi
b Xb; + bl x+z < —1,Vj
X>0
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1.1.4 Transportation Problem

we consider the classic transportation problem. In the setting, there are seller and buyer, demand

and supply respectively.

min 37, 37T cijy;

.t. N X =s,Vi=1,...,

i an:m T " (1.10)
Doin1 Tij =d;,Vji=1,...,n

Lij Z O,Vl,j

The minimal transportation cost is called the Wasserstein Distance (WD) between supply distribu-
tion s and demand distribution d (can be interpreted as two probability distributions after normal-

ization). This is a linear program.

The Wasserstein Barycenter Problem is to find a distribution such that the sum of its Wasserstein
Distance to each of a set of distributions would be minimized. And you can check out this example

1.1.41.1.4 Ref Appendices A, B, and C, Chapter 1



1.2 Optimization Application

1.2.1 Graph Realization and Sensor Network Localization

Given a graph G = (V, E) and sets of non-negative weights, say {d;; : (i,j) € E}, the goal is to
compute a realization of G in the Euclidean space R¢ for a given low dimension d, where the distance

information is preserved

||X17X]||2:d72]7v(17])ENf7Z<] (1 11)
||ak - Xj“2 = d%j,V(k7j) € Na-

This is the quadratic optimization

2 N 2
min (=0 =a3) + > (law =0 = d3,) (1.12)

x,;Vi L © "
(4,) €N (k,j)ENG

we have two directions to relax this problem: SOCP and SDP
1. change = to <

2. SDP relaxation

Let X = [z1@2...2] be the d x n matrix that needs to be determined and e; be the vector of

all zero except 1 at the jth position. Then
i = x,[1* = (es — ;)" X7 X (e; —e;) (1.13)

||ak—xj||2=(ak;—ej)T[1 X}T[I X}(ak;_ej):

(1.14)
(ak;—ej)T< XIT X)T(X ) (ax; —ej) .

Convex relaxation first and steepest-descent-search second strategy

1.2.2 Markov Decision Process

e An MDP problem is defined by a given number of states, indexed by ¢, where each state has a
number of actions, A; , to take. Each action, say j € A; , is associated with an (immeidiate)
cost cjof taking, and a probability distribution p; to transfer to all possible states at the next

time period

e A stationary policy for the decision maker is a function 7 = {m, 72, ..., T, } that specifies an
action in each state,m; € A; , that the decision maker will take at any time period; which also

lead to a cost-to-go value for each state

e The MDP is to find a stationary policy to minimize/maximize the expected discounted sum

over the infinite horizon with a discount factor 0 <~y <'1

Z VE [emt (it i) (1.15)
t=0

10



e If the states are partitioned into two sets, one is to minimize and the other is to maximize the

discounted sum, then the process becomes a two-person turn-based zero-sum stochastic game

Ref Appendix B, Chapters 3.1-2, 6.1-6.4

1.3 Global and Local Optimizer

A global minimizer for (P) is a vector «* such that
x*eX and f(x¥)<f(x) VxeX (1.16)
Sometimes one has to settle for a local minimizer, that is, a vector Z such that
XxeX and f(X)<f(x) Vxe XNN(T) (1.17)

where N (Z) is a neighborhood of z. Typically, N(Z) = Bs(Z), an open ball centered at z having
suitably small radius ¢ > 0.

1.3.1 Size and Complexity of Problems

e number of decision variables

e number of constraints

bit size/number required to store the problem input data (mean the memory consumption)

problem difficulty or complexity number

algorithm complexity or convergence speed

the definition of L, norm is following

1/p

Ixllp = { >l (1.18)
j=1

For zF, 2* € R™ and 0 < v < 1 contraction sequence is

||xk+17x*|| §’y||xkfx*H,VkZO (1.19)
inner product
AeB=trA"B = Zaijbij (120)
)
The operator norm of matrix A
A 2
V— (L21)

o#£xer™ ||x||?

The Frobenius norm of matrix A

[A]} = Ao A= "al; (1.22)
]

11



Theorem 1.4. Perron-Frobenius Theorem: a real square matriz with positive entries has a unique
largest real eigenvalue and that the corresponding eigenvector can be chosen to have strictly positive

components.

Stochastic Matrices: A < 0 with e?' A = e”'(Column-Stochastic), or Ae = e (Row-Stochastic), or
Doubly-Stochastic if both. It has a unique largest real eigenvalue 1 and corresponding non-negative

right or left eigenvector.

1.3.2 Affine Set
S C R" is affine if
x,yeSandae R = ax+(1-a)yeS (1.23)

When x and y are two distinct points in R” and « runs over R,
{z:z=ax+(1-a)y} (1.24)

is the affine combination of x and y. When 0 < a < 1, it is called the convex combination of x and

y. More points? For multipliers @ > 0 and for 5 > 0
{z:2z =ax+ By}, (1.25)

is called the conic combination of x and y. It is called linear combination if both « and £ are ”free”.

Convex Set

2

) is said to be a convex set if for every x!,x2 € Q and every real number o € [0, 1], the point

ax! + (1 - a)x? € Q
Ball and Ellipsoid: for given y € R™ and positive definite matrix Q : E(y,Q) = {x: (x —y)"Q(x —y) <1}

The intersection of convex sets is convex, the sum-set of convex sets is convex, the scaled-set of

a convext set is convex

The convex hull of a set € is the intersection of all convex sets containing 2. Given column-points
of A, the convex hull is {z =Ax:eTx=1,x> 0}

SVM Claim: two point sets are separable by a plane if any only if their convex hulls are separable.

An extreme point in a convex set is a point that cannot be expressed as a convex combination

of other two distinct points of the set

A set is polyhedral if it has finitely many extreme points; {x : Ax = b,x > 0} and {x: Ax < b}

are convex polyhedral.

The dual norm
C*:={y:xey>0foralxeC} (1.26)

12



Theorem 1.5. The dual is always a closed convexr cone, and the dual of the dual is the closure of
convez hall of C

Cone Example
Example 1.6. The n-dimensional non-negative orthant, R} = {x € R" : x > 0}, is a convex cone.

Its dual is itself.

Example 1.7. The set of all PSD matrices in S",S%, is a convexr cone, called the PSD matriz

cone. Its dual is itself.

Example 1.8. The set {(t;x) € R"" :t > |x[|,} for p > 1 is a convex cone in R™, called the

p-order cone. Its dual is the g-order cone with % + % =1.

The dual of the second-order cone (p = 2) is itself.

1.3.3 Convex Functions

f is a (strongly) convex function iff for 0 < a < 1,

flax+ (1= a)y)(<) < af(x)+ (1 —a)f(y) (1.27)
The sum of convex functions is a convex function; the max of convex functions is a convex function

The Composed function f(¢$(x)) is convex if ¢(x) is a convex and f(-) is convex&non-decreasing.

The (lower) level set of f is convex:

Liz)={x: f[f(x)<z} (1.28)

Convex set {(z;x) : f(x) < z} is called the epigraph of f. tf(x/t) is a convex function of (¢;x) for
t > 0if f(-) is a convex function; it’s homogeneous with degree 1 Note that the difference between

supreme and maximization, the maximal solution is achievable and supreme is not.

We need to clarify the function ¢ f(x/t). It is jointly convex function of (¢;x). The jointly convex

will be
ax1 + (1 — a)xs

thl + (1 — O[)tg

X1

(at1 + (1= a)tz) f( ) < atif(GH) + (1= a)f () (1.29)

1
The detail you can read chapter 2 of Boyd et al. (2004)

1.3.4 Convex Function Examples

|lx||p for p > 1 is convex because of the triangle inequality(norm property)

lax + (1 =)yl < llaxl, + |(1 = )y, < alx|l, + (1 = )yl (1.30)

13



Logistic function log (1 +er x + b) is convex. Consider the minimal-objective function of b for
fixed A and ¢

z(b) :=min ¢’x
st. Ax=Db (1.31)
x>0
Show that z(b) is a convex function in b.
Proof. There are two separated cases
z(bp) := min c’'xy z(bg) := min c’'xs
s.t. AX1 = bl s.t. AX2 = bg (132)
X1 2 0 X2 Z 0

we need to show

x=ax]+ (1 —a)xx}
is also the feasible solution and x7,x3 are optimal solution of linear program respectively
z(aby 4 (1 — @) xby) = minc” (ax} + (1 — @) *x3)
x
<cT(axt + (1 — ) xx3)

=aminc’x; + (1 — a)minc’x,
X1 X2

O
We are also curious the minimal-objective function of ¢ for fixed A and b
z(c) :=min cTx
st. Ax=Db (1.33)
x>0
Proof. There are two separated cases
z(cy) :=min clx; z(cy) :=min clxy
st. Ax;=Db st. Axo=Db (1.34)
x; >0 X9 >0
we have x is also feasible solution for two programming
n)l(iln actx) + 11)1{1211(1 —a)elxy <actx + (1 - a)clx
= min (ac! + (1= a)cd) x
Since we can always find optimal solution of (ac] + (1 — a)cl) x O

Lemma 1.9. For an standard linear program, if we fixr A and ¢, function z(b) is the convex function.

If we fix A and b, function z(c) is the concave function

14



1.4 Theorems on Functions

Theorem 1.10. Let f € C! be in a region containing the line segment [x,y]. Then there is a
a,0 < a <1, such that

f(y) =Fx) + Vflex+ (1 -a)y)(y —x) (1.35)
Furthermore, if f € C? then there is a o,0 < o < 1, such that

F¥) = F(x) + Vi) —x) + (1/2)(y - %)V f(ax + (1 - a)y)(y — %) (1.36)

Theorem 1.11. Let f € C'. Then f is convex over a convex set ) if and only if

fy) Z2 f(x) + Vi) (y —%) (1.37)

for allx,y € Q

Proof. (Boyd et al. (2004))Proof of first-order convexity condition To prove, we first consider the
case n =1 : We show that a differentiable function f: R — R is convex if and only if

fy) = f(z) + f'(2)(y — )

for all x and y in dom f. Assume first that f is convex and x,y € dom f. Since dom f is convex

(i.e., an interval), we conclude that for all 0 <t < 1,z + t(y — x) € dom f, and by convexity of f

fle+tly—2) < (1 —0)f(x) +tf(y).
If we divide both sides by ¢, we obtain

[l 4ty —=)) - f=z)

fly) > f(x) + ; ,

and taking the limit as t — 0 yields 4.25. To show sufficiency, assume the function satisfies 4.25
for all  and y in dom f (which is an interval). Choose any z # y, and 0 < 6 < 1, and let
z =0z + (1 —0)y. Applying 4.25 twice yields

f@) = fR) + ()@ —2), fly) =)+ ()l -2).

Multiplying the first inequality by @, the second by 1 — 6, and adding them yields

0f(z) +(1-0)f(y) = f(2),

which proves that f is convex. Now we can prove the general case, with f : R* — R. Let

z,y € R™ and consider f restricted to the line passing through them, i.e., the function defined by
g(t) = flty + (1 = t)z), s0 ¢'(t) = Vf(ty + (1 — t)a)" (y — ).

First assume f is convex, which implies g is convex, so by the argument above we have g(1) >
g(0) + ¢’(0), which means
fly) = f2) + V@) (y - ).

15



Now assume that this inequality holds for any x and y, so if ty + (1 —t)x € dom f and ty+ (1 —t)x €

dom f, we have

flty+ (1 —t)x) = fty + (1 = 2) + Vf(ty + (1 - Ha)' (y — 2)(t - 1),

ie., g(t) > g(t) + ¢'(t)(t — t). We have seen that this implies that g is convex. O

Theorem 1.12. Let f € C?. Then f is convex over a convex set § if and only if the Hessian matriz

of f is positive semi-definite throughout 2.

V2 f(z) = 0 (1.38)

1.4.1 Lipschitz Functions

The first-order §-Lipschitz function: there is a positive number § such that for any two points x
and y :
V) = V)l < Bllx -yl (1.39)

This condition imples

[f(x) = f(y) = Vi) (x = y)| < SlIx —y? (1.40)

|

Proof. The key tool is Taylor’s formula with integral remainder

Let A :=y—x and ¢(t) = f(x +tA) where t is a scalar variable. Then we have ¢(0) = f(z) and
¢(1) = f(z + A) = f(y). Moreover,

@+ A) - f(z) = 6(1) — $(0) = / dg(t) = / ATV f(x + tA)dt

0

For the first implication inequality, noting ATV f(x) = fol ATV f(z)dt, we have

f(z+ A) - f(z) - Vi(z)TA| = /O AT(V f(z + tA) — Vf(z))dt

< [ 167 st +18) - Vs at

< /01 ANV f(z+tA) = Vf(z)|[dt (Cauchy-Schwartz inequality)
= 1ap [ 9SG+ 1) - V@)

N /0 "BlltAfdt ( the first-order Lipschitz condition)

Lo B
= lagaial [ = ZIal®

16


 https://en. wikipedia. org/ wiki/Taylor%27s_theorem#Derivation_for_the_integral_form_of_the_remainder

The second-order B-Lipschitz function: there is a positive number 3 such that for any two points
x and y

|Vf(x) = Vi) - Vi) (x-y)| <Blx—yl” (1.41)

This condition implies
&) =) - VI (x-y) - %(X -V ) (x—y)| < §IIX -yl? (1.42)

Proof. Similar idea we use to prove the first order Lipschitz function

Let A =2 —y and ¢(t) = f(y +tA) where ¢ is a scalar variable. Then we have ¢(0) = f(y) and
#(1) = (y+ A) = f(x). Moreover,

VA 8) = V) = o) = 00) = [ do() = [ AT+ )

For the first implication inequality, noting ATV?2 f(z) = fol ATV?2 f(x)dt and %(x —y)IV2f(y)(x —
y) = ATV2f(y)A fol tdt , we have

fy+A)—fly)-Viy)'a

. ATWf(y)A’ _
fma|_

/O1 AT(Vf(z +tA) — Vf())dt

1
< [ ATV +18) = V1) = V)
1
< / IV f(z + tA) — Vf(z) — £V F(y)Alldt
1
N / IV (e +tA) — Vi) — 077 F(y]ldt
1
A AllPd
<| ||/0 BleA|dt

1
- I\AIIﬂIIAHQ/O e

_Buap

1.4.2 Known Inequalities

e Cauchy-Schwarz: given x,y € R", |xTy| <|1x[lpllyllg, where % + % =landp>1
o Triangle: given x,y € R™, [x+ yl, < [xll, + [ for p > 1

e Arithmetic-geometric mean: given x € R,

% > (H mj)l/n
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1.4.3 Direct Solution

Given A € R™*™ and ¢ € R™

. 2
min HATy — CH (1.43)
st. yeR™

Choleski Decomposition
AAT = LALT, and then solve LALTy = Ac.

Projections Matrices: AT (AAT)fl Aand I — AT (AAT)f1 A

1.5 Exercise

1. Given a symmetric matrix A € R"*™ s.t. A has eigenvalues A\; > Ay > --- > \,,, show that for

every k=1,2,--- ,n, we have:

TA
A = max {min {X T x |xeU,x # 0} | U is a linear subspace of R"of dimension k}
x | xTx

TA
= mL’}n {max{x T x |xeU,x # 0} | U is a linear subspace of R™ of dimension n — k + 1}
x xTx

(1.44)

Solution: This result is known as the Courant-Fischer Minimax Theorem. See Theorem
8.1.2 of Golub and Van Loan (2013) for a sample proof

Here we sketch the proof for 4.25. Let {vj},_, denote a set of orthonormal eigenbasis of A,
with Avg = Apvg. Moreover, A =Y7_ Ao}

. T . . .
When k£ = 1, the expression reduces to A\; = max,-o %, which is true for symmetric

matrices, with one maximizer U' being spanned by v.

Now suppose for the sake of induction that we have shown (1) for some k and that the
maximizer U¥ can be taken to be the span of the first k eigenvectors, and we need to show it
holds for k + 1 We show that a maximizer for Apyq is Ukt .= Uk u span (vg11). To see this,
note that

o 2T Ax
Ak+1 = min =
reUk+l -+

so that Agy; < RHS of (1). On the other hand, for any subspace U of dimension k + 1

that is not spanned by the first k£ + 1 eigenvectors of A, minimization in RHS will choose an

eigenvector corresponding to an eigenvalue smaller than Ag4. O

2. Given symmetric matrices A, B,C € R™*™ s.t. A has eigenvalues a1 > as > -+ > a,, B has
eigenvalues by > by > --+ > b, and C has eigenvalues ¢; > co > -+ > ¢, if A= B+ C, show

that for every k =1,2,--- ,n, we have:

b +cpn <ap < b+

18



Solution: We show that ap < by + ¢1. The other inequality is similar. According to (1),

define Uy, to be the dim- & linear subspace such that

TA
ak:min{me|scEUk,m7é0}
x - T

and let £* be the minimizer of min,, {$TB$ | x € Ug, x # 0}. It follows that

zTx
. (2T(B+O)x T (B + C)x*
akZ%ﬂ{W'““ﬁ”"%W
TB T
< min r w|w€Uk,w7€0 + max wC$|w€R",w7é0
z zTx x Tz

TCx

x xTx

T
<max{min{m7,B:Bw€U,w7é0} dim(U):k}—i-max{m
U Tz ©

:bk+cla

|w€R”,w7é0}

completing the proof. Similarly, According to 4.25, define Uy, to be the (n — k4 1)-dimensional

linear subspace such that

T
x! Ax
akmaz}x{ Ty |a:€Uk,w7é0}

and let x* be the maximizer of maxg {”;TTB; |z € Ug,x # O}. It follows that

TB C *TB Ox*
ak:max{wmeljk’w#o}zw
x zTx zTx
B o
zmax{waweUk,a:;éO}—i-min{wawER",w#O}
@x r- @x "X

T

=byp +cn

19
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Chapter 2

Duality

Ref Chapters 3.1-3.2 and 6.1-6.4

2.1 Basic Feasible Solution and Farkas Lemma

2.1.1 Caratheodory’s theorem

Theorem 2.1. Given matriz A € R™*"™, let convex polyhedral cone C = {Ax : x > 0}. For any

beC
d

b= Z a;, x5, 25, > 0,Vi (2.1)

i=1
for some linearly independent vectors a;,,...,a;, chosen from ay,...,a,. There is a construct proof
of the theorem (page 26 of the Luenberger et al. (1984)).

2.1.2 Basic Feasible Solution

Now consider the feasible set {x : Ax = b,x > 0} for given data A € R™*™ and b € R™. Select
m linearly independent columns, denoted by the variable index set B, from A. Solve Apxp = b
for the m-dimension vector xg, and set the remaining variables, xx, to zero. Then, we obtain a
solution x such that Ax = b, that is called a basic solution to with respect to the basis Ag. If a

basic solution xg > 0, then x is called a basic feasible solution, or BFS.

Note that the the optimal solution is the extreme point. We show the proof of this argument

below
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Proof.
min ¢’z
st. xeX

Let & € int X. Thus we have {z : ||z — ||z < r} € X. Imply

C
e c
llel2

T T(~ c )

r=2

cr=c (z—r———
el
T

=c @—rld]
<cli

O

Theorem 2.2. (Separating hyperplane theorem) Let C be a closed convez set in R™ and let b be a
point exterior to C. Then there is a vector y € R™ such that

b-y>supx-y. (2.3)
xeC

Theorem 2.3. (Supporting hyperplane theorem) Let C be a closed convex set and let b be a point
on the boundary of C. Then there is a vector y € R™ such that

b-y=supx-y. (2.4)
xeC

2.1.3 Farkas Lemma

Theorem 2.4. Let A € R™*"™ and b € R™. Then, the system {x : Ax = b,x > 0} has a feasible
solution x if and only if that its alternative system —ATy >0 and bTy > 0 has no feasible solution

y.

Geometrically, Farkas’ lemma means that if a vector b € R™ does not belong to the convex cone

generated by a1,...,a,, then there is a hyperplane separating b from cone (aj,...,a.,).

Proof. Let {x : Ax = b,x > 0} have a feasible solution, say X. Then, {y ATy <0,y > 0} is
infeasible, since otherwise,
0 <bly = (Ax)Ty =xT (ATy) <0

from x > 0 and ATy < 0 Now let {x: Ax = b,x > 0} have no feasible solution, or b ¢ C := {Ax :

x > 0}. We now prove that its alternative system has a solution. We first prove

Lemma 2.5. C = {Ax :x > 0} is a closed convex set.
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That is, any convergent sequence b* € C,k = 1.2... has its limit point b also in C. Let
b¥ = AxF x*¥ > 0. Then by Carathéodory’s theorem, we must have b* = Apgixge,xge > 0 where
Apk is a basis of A. Therefore, xgr, together with zero values for the nonbasic variables, is bounded

l

for all k, so that it has sub-sequence, say indexed by [ = 1, ..., where x* = Xz has a limit point X

and X > 0. Consider this very sub-sequence b! = Ax! we must also have b! — b. Then from
b — A%| = ||b — b’ + Ax' — Ax|| < ||b — b!|| + || Ax' — A% < |[b—b|| + | A]| ||x" — x|

we must have b = A%, that is, b € C; since otherwise the right-hand side of the above inequality
is strictly greater than zero which is a contradiction. Now since C is a closed convex set, by the

separating hyperplane theorem, there is y such that

y-b>supyec
ceC

or

yeb>supye (Ax) =sup ATy ex (2.5)
x>0 x>0

From 0 € C we have y ® > 0. Furthermore, ATy < 0. Since otherwise, say (ATy)1 > 0, one can

have a vector X > 0 such that £, = a > 0,73 = ... = Z,, = 0, from which

supATyex > ATy ex = (ATy)l-oz
x>0

and it tends to oo as a — oo. This is a contradiction because sup,~ ATy ex is bounded from above
by (5). O

Farkas Lemma Variant

Theorem 2.6. Let A € R"™*™ and ¢ € R™. Then, the system {y c— ATy > O} has a solution 'y
if and only if that Ax = 0,x > 0, and cTx < 0 has no feasible solution x.

Consider the pair:
{x:Ax=b, x€K}
and
{y ATy e K*, bly> 0} .

Or in operator form: given data vector or matrix a;,7 = 1,...,m, and b € R™, an ”alternative”
system pair would be
Ax=b, xe K

and
ATy e K*, bly =1(>0)
where

m

Ax = (aj ex;...;a,, ex) € R and ATy:Zyiai
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Let K be a closed and convex cone in the rest of the course. If there is y such that — Ay € int K*,

then C':= {Ax :x € K} is a closed convex cone. Consequently,
Ax=Db, xeK

and

ATy e K*, bly=1(>0)
are an alternative system pair. And if there is x such that 4A7x = 0,x € int K, then

Ax=0, x€ K, cex=-1(<0)
and
c- ATy e K*

are an alternative system pair.

2.2 Conic Linear Program

(CLP)min cex
st. a;ex=0b,1=1,2,....mx€K, (2.6)
(A"x =b)

where K is a closed and pointed convex cone. Linear Programming (LP): ¢,a;,x € R and K =
R Second-Order Cone Programming (SOCP): c,a;,x € R" and K = SOC = {x: 21 > |x_1]|5}.
Semidefinite Programming (SDP): ¢,a;,x € 8" and K = S? p-Order Cone Programming (POCP):
c,a;,x € R" and K = POC = {x txy > ||x_1||p}. Here, x_; is the vector (wa;...;2,) € R" L.
Cone K can be also a product of different cones, that is, x = (x1;X2;...) where x1 € K7,x3 € Ko, ...

and so on with linear constraints:

A1X1+A2X2+...:b

2.2.1 Dual of Conic Linear Program

The dual problem to

(CLP)min cex
(2.7)
st. aex=0b;,i=1,2,... mx€eK
is

CLD in b7
( ) min ni’ (2.8)
st. Y. ya;+s=c,s€K*,
where y € R™, s is called the dual slack vector/matrix, and K* is the dual cone of K. The former

is called the primal problem, and the latter is called dual problem.

Ref Chapters 3.1-2, 6.4-5
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2.3 Duality of Conic Linear Program

Recall the primal and dual program

min CTz max b7

Y
st. Ar=1b st. AY+s=c (2.9)
reK se K’

Theorem 2.7. (Weak duality theorem) cI'x — bly = xT's > 0 for any feasible x of (CLP) and
(v.s) of (CLD)

Corollary 2.8. Letx* € F, and (y*, s*) € F4. Then, cex* = bTy* implies that x* is optimal for

(CLP) and (y*, s*) is optimal for (CLD)

It is called the strong duality theorem, but it does not work in general. Here, operator Ax
and Adjoint-Operator A7y minimic matrix-vector production Ax and its transpose operation ATy,

where

A= (aj;as;...;a,), Ax=(ajex;...;a,ex), and ATy:Zyiaf (2.10)
Theorem 2.9. The following statements hold for every pair of (LP) and (LD) :

e If (LP) and (LD) are both feasible, then both problems have optimal solutions and the optimal
objective values of the objective functions are equal, that is, optimal solutions for both (LP)

and (LD) exist and there is no duality gap
e If (LP) or (LD) is feasible and bounded, then the other is feasible and bounded
e If (LP) or (LD) is feasible and unbounded, then the other has no feasible solution

e If (LP) or (LD) is infeasible, then the other is either unbounded or has no feasible solution

2.3.1 Farkas Lemma and Duality

The Farkas lemma concerns the system the system {x : Ax = b,x > 0} and its alternative
{y :—ATy >0,bTy > O} for given data (A,b). This pair can be represented as a primal-dual
LP pair

min 0Tx max bly
s.t. Ax=Db, st. ATy <0 (2.11)
x > 0;

If the primal is infeasible, then the dual must be feasible and unbounded since it is always feasible.
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2.3.2 Optimality Conditions for LP

CTz —bvTy=0
(x,y,s) € (R, R™,R:) Az =0b (2.12)
ATy+s=c

which is a system of linear inequalities and equations. Now it is easy to verify whether or not a pair

(x,y,s) is optimal.

2.3.3 Complementarity Condition

For feasible x and (y,s),x’s = x* (c — ATy) = c’x — bTy is called the complementarity gap. If

x7'S = 0, then we say x and s are complementary to each other. Since both x and s are nonnegative,

x”s = 0 implies that x. xs = 0 or xz;s; =0forall j=1,...,n.
x-x=0
Ax=Db (2.13)
—ATy —s = —c.

This system has total 2n + m unknowns and 2n + m equations including n nonlinear equations.

Interpretation of s; = 0 : the j th inequality constraint of the dual is "binding” or "active”.

2.3.4 Duality of Conic Program

Example 2.10. The strong duality theorem may not hold for general convex cones:

01 0 0 0 O 0 -1 0
c= 1 0 0 |,a;1= 01 0 |,a2= -1 0
0 0 O 0 0 O 0 2
and
2
The problem is
min 1z + o max Yo
" o 0 0 —Y2 0 0 1 0
s.t. =
T+ X2 —2 s.t. -y y1 0] +s=1]1 0 O
0 0 0 0 0 O
r1T X2 iO
To I3 s~ 0

Theorem 2.11. The following statements hold for every pair of (CLP) and (CLD):
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e If (CLP) and (CLD) both are feasible, and furthermore one of them have an interior, then
there is no duality gap between (CLP) and (CLD). However, one of the optimal solution may

not be attainable.

e If (CLP) and (CLD) both are feasible and have interior, then, then both have attainable optimal

solutions with no duality gap.
o If (CLP) or (CLD) is feasible and unbounded, then the other has no feasible solution.

e If (CLP) or (CLD) is infeasible, and furthermore the other is feasible and has an interior,

then the other is unbounded.

Construct the Dual Cone

Consider set
{(r,2) : 7> 0,7¢;(x/7) <0}

The dual cone is the set of all points (k;s) such that
kT + st >0, Y(r;z) stT>07¢(x/7)<0,i=1,...,m
Without loss of generality, we can set 7 = 1 and the condition becomes
k+ste >0, Vostcelr)<0,i=1,.,m
Then, consider the optimization problem

Y(s):=inf s'x

st ci(x)<0,i=1,2,....m
Then, the dual cone coan be represented as

K*={(k,s): k+¢(z) >0}

2.4 Combinationrial Auction Pricing

Given the m different states that are mutually exclusive and exactly one of them will be true at the
maturity. A contract on a state is a paper agreement so that on maturity it is worth a notional $1

if it is on the winning state and worth $0 if is not on the winning state. There are n orders betting
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on one or a combination of states, with a price limit and a quantity limit

Order: H#1 | H#2 | #3 | #4 | #5
Argentina 1 0 1 1 0
Brazil 1 0 0 1 1
Italy 1 0 1 1 0
Germany 0 1 0 1 1
France 0 0 1 0 0

Bidding Prize: m | 0.75 | 0.35 | 0.4 | 0.95 | 0.75
Quantity limit:q 10 5 10 | 10 5
Order fill:x 1 To | T3 | x4 s

Lethal z; be the number of contacts awarded to the jth order. Then jth better will pay the amount

7Tj><l‘j

T

and the total collected amount is Y . | m; X x; = wlz. If the ith state is the winning state, then

the auction organizer need to pay.
n
j=1
We can formulate the primal and dual problem

T : T

max 7 X—z min q'y
st. Ax—e-2<0 st. ATp+y>mn,
(2.14)
x<q efp=1,
x>0 (p,y) 2 0.

2.4.1 Online Linear Programming

The main idea of linear program is we don’t know the coefficient matrix. We need to make the

decision and reveal the information sequentially.

n
max E T+t
t=1

st Y apze <bi, Vi=1...m (2.15)
t=1

0<z; <1, Vt=1,...,n

Each bid/activity ¢ requests a bundle of m resources, and the payment is m;. Online Decision
Making: we only know (n,b) at the start, but - the (bounded) order-data of each variable z; is
revealed sequentially. - an irrevocable decision must be made as soon as an order arrives without

observing or knowing the future data.
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The algorithm/mechanism quality is evaluated on the expected performance over all the permu-
tations comparing to the offline optimal solution, i.e., an algorithm A is c-competitive if and only
if

E,

i w4 (0, A)] >c-OPT(A,7),V(A, 7). (2.16)

t=1

Then we will introduce the algorithm how to solve the online linear program.

1. Set z; =0foralll <t <en
2. Solve the € portion of the problem

. . €N
maximize x Y 1, Ty
subject to D" agx, <eb; i=1,....m
0<z <1 t=1,...,en

and get the optimal dual solution p of the sample LP;

3. Determine the future allocation x; as:

0 if Tt S f)Tat
Ty =
1 if T > f)Tat

t—1

as long as a;;xy < b; — ijl ai;x; for all 4; otherwise, set x; = 0. Online Learning: Periodically

resolve the sample LP with all arrived orders and update the ”ideal” prices...
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Chapter 3

Optimality Conditions and KKT

Condition

Ref Chapters 7.1-7.3, 11.1-11.8

3.1 Optimality Conditions

Recall the primal and dual program

Tx—bTy =0
X,y,Ss S ’ ) : X = .
( )€ (R, R™RY A b (3.1)
-Aly —s =—c

Let z* and s* be optimal solutions with zero duality gap
|support(z™)| + |support(s*)| < n (3.2)
Note that support size means the number of non-zero components. Then we will have

Theorem 3.1. If (LP) and (LD) are both feasible, then there exists a pair of strictly complementary
solutions x* € F, and (y*,s*) € F4 such that

x*-s8* =0 and |supp (x*)| + |supp (s*)| = n. (3.3)
Moreover, the supports
P ={j:2; >0} and Z"={j:s;>0}

are invariant for all strictly complementary solution pairs.
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3.1.1 Uniqueness Theorem for Linear Program

If we have the optimal solution z* and how to clarify the uniqueness of z*

Theorem 3.2. An LP optimal solution X* is unique if and only if the size of supp (x*) is mazimal

among all optimal solutions and the columns of Agypp (¢*) are linear independent.

Proof. 1t is easy to see both conditions are necessary, since otherwise, one can find an optimal solution
with a different support size. To see sufficiency, suppose there there is another optimal solution y*
such that x* —y* # 0. We must have supp (y*) C supp (x*), since, otherwise, (0.5x* + 0.5y*)
remains optimal and its support size is greater than that of x* which is a contradiction. Then we
see

0=Ax" —Ay" = A(X" —y") = Agupp(x+) (X" —y") supp (x*)

which implies that columns of Ag,pp(x+) are linearly dependent. Think the z* = and y* =

=== O

S O = =

3.1.2 Uniqueness Theorem for Semidefinite Program

Theorem 3.3. An SDP optimal and complementary solution X* is unique if and only if the rank of
X* is mazimal among all optimal solutions and V*A; (V*)T ,i=1,...,m, are linearly independent,
where X™* = (V*)T V5, Ve R™™, and r is the rank of X*.

3.2 Relaxation Example

3.2.1 Sensor Localization Problem

Given a; € R, dij € Ny, and (ij € N,, find x; € R? such that

Hxi 7Xj|| = d%,V(Z,j) € NraZ <7

Hak _XJ'HQ = dAijvv(kmj) € Na,
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We can transform to the matrix form and SDP relaxation

(ei — ej)TY (ei — ej) = d?j,Vi,j S Nx,’i < ]

I X N
(ak:;_ej)T ( XT Yy ) (ak;_ej) = dijaVij S Na

rx =0
XT vy |~

Theorem 3.4. Let Z be a feasible solution for SDP and U be an optimal slack matriz of the dual.
Then,

(3.4)

1. complementarity condition holds: Z ¢ U =0 or ZU = 0
2. Rank(Z) + Rank(U) <2+n

3. Rank(Z) > 2 and Rank(U) < n

3.3 Rank-Reduction for SDP

In the most SDP case, it is difficult to find the rank-minimal SDP solution

(SDP) min CeX
subject to A; e X =b;,i=1,2,....,m, X =0

where C, A; € S™

Theorem 3.5. (Carathéodory’s theorem,)

o If there is a minimizer for (LP), then there is a minimizer of (LP) whose support size r

satisfying r < 'm

o [f there is a minimizer for (SDP), then there is a minimizer of (SDP) whose rank r satisfying

LT;” < m. Moreover, such a solution can be find in polynomial time.

Then if we simply the SDP feasiblility problem
AjeX=b i=1,...m X=0
we try to find an approximate X = 0 of rank at most d
B(m,n,d)-b; < A;e X <a(m,n,d)-b; Yi=1,...,m (3.6)

Here, a > 1 and 8 € (0,1] are called the distortion factors. Clearly, the closer are both to 1 , the
better.
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Theorem 3.6. Let r = max {rank (A;)} and X be a feasible solution. Then, for any d > 1, the

randomly generated

d
X = Zfif?a S EN (07;)_()

| 4 12nmn) for 1 <d < 12In(4mr)

a(m,n,d) =
14/ 2Um) g d > 121n(4mr)

and
T for 1< d < 4In(2m)

B(mvnad) -
s e 1 /PR L for > 4o

Here is the some remarks from theorem 9

e There is always a low-rank, or sparse, approximate SDP solution with respect to a bounded
relative residual distortion. As the allowable rank increases, the distortion bounds become

smaller and smaller.
e The lower distortion factor is independent of n and the rank of A; s.
e The factors can be improved if we only consider one-sided inequalities.
e This result contains as special cases several well-known results in the literature.
e Can the distortion upper bound be improved such that it’s independent of rank of A; 7

e Is there deterministic rank-reduction procedure? Choose the largest d eigenvalue component
of X 7

e General symmetric A; ?

e In practical applications, we see much smaller distortion, why?

3.4 Max-Cut Problem

This is the Max-Cut problem on an undirected graph G = (V, E) with non-negative weights w;; for
each edge in E (and w;; = 0if (4,7) ¢ E ), which is the problem of partitioning the nodes of V' into
two sets S and V\S so that

w(S) = Z Wi

i€S,5EV\S

is maximized. A problem of this type arises from many network planning, circuit design, and

scheduling applications.

1
w* =  Maximize w(x):= 1 Zwij (1—ziz;)
,J
s.t. (;vj)2 =1,7=1,...,n
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Then we do the semidefinite relaxation reformulation. Let Z;; = x;x;

1
S L . .
29PP .= Maximize 1 E wi; (1 — Zij)

i,J
Subject to Zy =1, i=1,...,n (3:8)
Z = 0,rank(Z) =1
If we remove the rank-one constraint, it will be SDP relaxation problem
Theorem 3.7. (Goemans and Williamson)
E[w(X)] > .8782°PF > 878w* (3.9)

Ref Chapters 11.7-8, 14.1-2

3.5 Optimality Conditions for Nonlinear Optimization

3.5.1 KKT Optimality Condition

A differentiable function f of one variable defined on an interval F = [ae]. If an interior-point Z
is a local/global minimizer, then f’(Z) = 0; if the left-end-point Z = a is a local minimizer, then
f'(a) > 0; if the right-end-point Z = e is a local minimizer, then f’(e) < 0. first-order necessary con-
dition (FONC) summarizes the three cases by a unified set of optimality /complementarity slackness

conditions

If f/(z) = 0, then it is also necessary that f(x) is locally convex at Z for it being a local minimizer.
How to tell the function is locally convex at the solution? It is necessary f”(z) > 0, which is called

the second-order necessary condition (SONC), which we would explored further.

These conditions are still not, in general, sufficient. It does not distinguish between local mini-

mizers, local maximizers, or saddle points.

If the second-order sufficient condition (SOSC): f”(Z) > 0, is satisfied or the function is strictly
locally convex, then 7 is a local minimizer. Thus, if the function is convex everywhere, the first-order

necessary condition is already sufficient.

Then we want to explore the second order optimality under unconstrained optimization.

Theorem 3.8. (First-Order Necessary Condition) Let f(x) be a Ct function where x € R™. Then,

if X is a minimizer, it is necessarily V f(X) = 0.

Theorem 3.9. (Second-Order Necessary Condition) Let f(x) be a C? function where x € R™.

Then, if X is a minimizer, it is necessarily
Vf(X) =0 and V*f(X) = 0.

Note that the Hessian matriz is the semidefinite
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Furthermore, if V2f(X) = 0, then the condition becomes sufficient. The proofs would be based

on 2nd-order Taylor’s expansion at X

Proof. we have the second order Taylor’s expansion
fl@)=f@) + (@ —2)" v f(2) + (2 - 2)" 7* f(2) (@ — 2) + o]z — 7]|*)

If vf(Z) =0 and 72f(Z) = 0, the Z is not the local optimal. O

Such that if these conditions are not satisfied, then one would be find a descent-direction d and
a small constant @& > 0 such that f(X+ ad) < f(X),V0 < a < &

For example, if Vf(X) = 0 and V2f(X) # 0, the eigenvector of a negative eigenvalue of the

Hessian would be a descent direction from X. Again, they may still not be sufficient, e.g., f(x) = x3.

3.5.2 Descent Direction

Let f be a differentiable function on R™. If point X € R™ and there exists a vector d such that
VfX)d <0
then there exists a scalar 7 > 0 such that
fE+7d) < f(X) for all 7 € (0,7).
Note that 3r, {EHI-1H g < o

d

The vector d (above) is called a descent direction at X. If V f(X) # 0, then V f(X) is the direction
of steepest ascent and —V f(X) is the direction of steepest descent at X. Denote by DZ the set of

descent directions at X, that is,
Dd={d e R":Vf(X)d < 0}
At feasible point X, a feasible direction is

DL:={de R":d+#0,X+\d € F for all small X > 0}.

3.5.3 Optimality Condition of Problem

Roughly the optimality condition of unconstrained problem is

Theorem 3.10. LetX be a (local) minimizer of (UP). If the functions f is continuously differentiable
at X, then

V(%) = 0.

This condition is also sufficient for global optimality if [ is a convex function.
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Consider the linear equality-constrained problem, where f is differentiable on R™,

(LEP) min f(x)
s.t. Ax =b.

Theorem 3.11. (the Lagrange Theorem) Let X be a (local) minimizer of (LEP). If the functions f

is continuously differentiable at X, then
VI®) =54

for some'y = (g1;...;9m) € R™, which are called Lagrange or dual multipliers. This condition is

also sufficient for global optimality if f is a convex function.

The Lagrange formula is
Lw,y) = f(a) +y"b—y" Az
Then take the derivative
VL(E,y) = (@) -5 A=0

The geometric interpretation: the objective gradient vector is perpendicular to or the objective level
set tangents the constraint hyperplanes. Let v(b) be the minimal value function of b of (LEP).
Simliarly

VL) =y=0

Proof. Consider feasible direction space
F={x:Ax=b}=>Dl={d: Ad=0}

If X is a local optimizer, then the intersection of the descent and feasible direction sets at T must be
empty or
Ad=0,Vf(X)d #0

has no feasible solution for d. By the Alternative System Theorem it must be true that its alternative

system has a solution, that is, there is § € R™ such that

VIE) ="A=Y 54
im1

O
3.5.4 Barrier Optimization
Consider the problem
min  —37% loga;
s.t. Ax=Db (3.10)
x>0
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The non-negativity constraint can be removed if the feasible region has an ”interior”, that is, there

is a feasible solution such that x > 0. Thus, if a minimizer X exists, then X > 0 and

3.6 KKT Condition

Let us now consider the inequality-constrained problem

min  f(x)
s.t. Ax>b.

Theorem 3.12. (the KKT Theorem) Let X be a (local) minimizer of (LIP). If the functions f is

continuously differentiable at X, then
VX =5"A5>0
for some ¥ = (§1;...;9m) € R™, which are called Lagrange or dual multipliers, and §; = 0, if
1 ¢ A(X). These conditions are also sufficient for global optimality if f is a convex function.
Then we can have the KKT constraint. We now consider optimality conditions for problems
having both inequality and equality constraints. These can be denoted

min  f(x)
st ax (<,=,>) b,i=1,...,m,

For any feasible point Z of (P) we have the sets

A(i) = {Z X = bl}
DL ={d: Vf()d <0}

Theorem 3.13. Let X be a local minimizer for (P). Then there exist multipliers ¥ such that

a;x (§7:7Z) bi77;:17"'7m7
(Original Problem Constraints (OPC))
V() = yrA

( Lagrangian Multiplier Conditions (LMC))
Vi (g/ free ',2) 0,1=1,...,m,
Multiplier Sign Constraints (MSC)
Ui = 0 ifi¢ AX)
(Complementarity Slackness Conditions (CSC)).
(3.11)

These conditions are also sufficient for global optimality if f is a convez function.

And we will emphasize again to sufficient and necessary the convexity. Like f(z) = x®
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e Hessian matrix is PSD in the feasible region

e Epigraph is a convex set

3.6.1 LCOP Examples: Linear Optimization

(LP) min c’'x
st.Ax=b,x >0
s

For any feasible x of (LP), it’s optimal if for some y,

XTjSj ZO,VjZL...,’H,

Ax=Db
V(CTX) =cl'=yTA+sT
x,s > 0.

Here, y (shadow prices in LP) are Lagrange or dual multipliers of equality constraints, and s (reduced

gradient/costs in LP) are Lagrange or dual multipliers for x > 0.

3.6.2 LCOP Examples : Quadratic Optimization
(QP) min xTQx —2cTx
st. Ax=b,x>0

Optimality Conditions:
XTjSj ZO,VJ = 1,...,n

Ax=Db
2Qx —2c— ATy —s=0
x,s >0

3.6.3 LCOP Examples: Linear Barrier Optimization

min f(x) = ¢’x — ,uZlog (zj),st. Ax=b,x>0
j=1

for some fixed p > 0. Assume that interior of the feasible region is not empty:

Ax=Db
cjfﬂ—(yTA)j:O,Vj:L...,n
$j E
x > 0.
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Let s; = ﬁ for all j (note that this s is not the s in the KKT condition of f(x) ). Then

;8 = p,vj=1,...,n,

Ax = b,
ATy +s=c,
(x,8) > 0.

3.7 Inverse Optimization

We know that the KKT theorem could be applied into the equilibrium, and the dual variable reflects
the econ perproties. We can explore which are we can use the KKT theorem, such as the inverse
optimization. This area is introduced by Ahuja and Orlin (2001). In this paper, we study inverse
optimization problems defined as follows. Let S denote the set of feasible solutions of an optimization
problem P, let ¢ be a specified cost vector, and z° be a given feasible solution. The solution z° may
or may not be an optimal solution of P with respect to the cost vector c. The inverse optimization
problem is to perturb the cost vector ¢ to d so that z° is an optimal solution of P with respect to
d and ||d — ¢||p is minimum, where ||d — ¢||, is some selected L, norm. In this paper, we consider
the inverse linear programming problem under L; norm (where [|d — cl|, = > ;. ; wj |d; — ¢;], with
J denoting the index set of variables z; and w; denoting the weight of the variable j ) and under

Lo norm (where ||d — ¢||, = max;es {w; |d; — ¢;|} ). We prove the following results:

1. If the problem P is a linear programming problem, then its inverse problem under the L; as

well as L, norm is also a linear programming problem.

2. If the problem P is a shortest path, assignment or minimum cut problem, then its inverse
problem under the L; norm and unit weights can be solved by solving a problem of the same
kind. For the nonunit weight case, the inverse problem reduces to solving a minimum cost flow

problem.

3. If the problem P is a minimum cost flow problem, then its inverse problem under the L,
norm and unit weights reduces to solving a unit-capacity minimum cost flow problem. For the

nonunit weight case, the inverse problem reduces to solving a minimum cost flow problem.

4. If the problem P is a minimum cost flow problem, then its inverse problem under the L., norm
and unit weights reduces to solving a minimum mean cycle problem. For the nonunit weight

case, the inverse problem reduces to solving a minimum cost-to-time ratio cycle problem.

5. If the problem P is polynomially solvable for linear cost functions, then inverse versions of P

under the L; and L., norms are also polynomially solvable.

Ref Chapters 7.6-7, and 8.1-5
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3.8 General Constrained Optimization

We show the example of general constrained optimization

(GCO) min f(x)
s.t. h(x) =0¢ R™ (3.12)
c(x)>0€RP

We establish to optimality condition to verify the local minimizer or an KKT solution. Consider the

intersection of hypersurfaces
{reR":h(z)=0€ R™,m<n}
when function h;(z) are differentiable, we say the surface is smooth.

Definition 3.14. A point x* satisfying the constraint h (x*) = 0 is said to be a regular point of the
constraint if the gradient vectors Vhy (x*),Vha (x*),...,Vhn, (x*) are linearly independent.

Based on the Implicit Function Theorem (Appendix A of the Text), if X is a regular point and
m < n, then for every d € Tx = {z : Vh(X)z = 0} there exists a curve x(¢) on the hypersurface,
parametrized by a scalar ¢ in a sufficiently small interval [ —a a |, such that

h(x(t)) =0, x(0)=%, x(0)=d.
Tx is called the tangent-space or tangent-plane of the constraints at X.
Lemma 3.15. Let X be a feasible solution and a reqular point of the hypersurface of
{x:h(x) =0,¢;(x) =0,i € Az}

where active-constraint set Az = {i: ¢;(X) =0}. IfX is a (local) minimizer of (GCO), then there

must be no d to satisfy linear constraints:

Vi®d <0
Vh(X)d =0 € R™ (3.13)
VCZ(K)d Z O,V’L S Af.

3.8.1 First-Order Necessary Conditions

(First-Order or KKT Optimality Condition) Let X be a (local) minimizer of (GCO) and it is a regular
point of {x : h(x) = 0, ¢;(x) = 0,7 € Ag}. Then, for some multipliers (¥,5 > 0)

Vf(X) =5 Vh(X) +5" Vc(X)

and (complementarity slackness)
Eici (i) = 07 Vi
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The proof is again based on the Alternative System Theory or Farkas Lemma. The complementarity
slackness condition is from that ¢;(X) = 0 for all i € Ax, and for i ¢ Asx, we simply set 5, = 0.
A solution who satisfies these conditions is called an KKT point or solution of (GCO) - any local

minimizer X, if it is also a regular point, must be an KKT solution; but the reverse may not be true.

3.8.2 KKT via the Lagrangian Function

It is more convenient to introduce the Lagrangian Function associated with generally constrained
optimization:
L(x,y,s) = f(x) — y"h(x) — s"c(x) (3.14)

where multipliers y of the equality constraints are "free” and s > 0 for the ”greater or equal to”

inequality constraints, so that the KKT condition (2) can be written as
VxL(X,y,5) =0 (3.15)
We now consider optimality conditions for problems having three types of inequalities:
(GCO) min  f(x)
st. ¢(x) (£,=,>) 0,i=1,...,m, (Original Problem Constraints (OPC))
For any feasible point x of (GCO) define the active constraint set by Ax = {i : ¢;(x) = 0}. Let X be

a local minimizer for (GCO) and X is a regular point on the hypersurface of the active constraints
Then there exist multipliers ¥ such that The complete First-Order KKT Conditions consist of these

four parts!
Example 3.16. Given a, € R? and Euclidean distances dy,k = 1,2,3, find x € R? such that
min, 07x,
st |lx—ap]?—d2 <0,k=1,2,3,
Lix,y) = 07x = S0y (Ix — awl* — d2) |

0 =i uk(x—ay) (LDC)
Yi S 07k: 172737 (MSC)

Yk (lefakl\tdi) =0. (CSC).

Then we talk about the Arrow-Debreu’s exchange market.
Example 3.17. (Arrow-Debreu’s exchange market)
max  ulx;
st. pTx; <pTw, (3.16)
x5 >0, V7,
take the dual
min  \p’w;
s.t. Np > uy (3.17)
A >0
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Since we hold the weak duality theorem \;p’w; > ul'x;. The setting indicate that the term are
non-negative.
Xiplw; > uiTxi

i < p’'w;
i

ulTxi
T
p-w;
ST
bi =iy T
We want to find the equilibrium. The necessary and sufficient equilibrium conditions of the Arrow-

Debreu market are .
i > Ui - Bt Vi,

ul'x;

> i Tij =2 Wi V], (3.18)

p; > 0,x; >0, Vi, j
The first inequality is nonlinear

Dy * p'w; > UijuZTXi >0
log (p; * p"'w;) > log (ui;uf x;)
log (p;) + log (pTwZ-) — log (ulTxl-) > log (uij;)

Let y; = log (p;) or p; = exp¥s. Note that left term is concave in z; and y;

y; +1log (Y exp¥ wij) —log (u] x;) > log (ui) (3.19)
J

They are different utility function in the exchange markets, such as
Cobb-Douglas utility:
J
Leontief utility:

u;(z;) = min {xij,xij > 0}

J Uiy

If we use the above utility and do the linear algebra steps, we can also show KKT solution suffices.

3.9 Second Order Sufficient Condition

Next we discuss the second order sufficient condition. We assume the function are twice continuously

differentiable. Recall the tangent linear subspace at &
Tr ={z:h(X)z = 0,V¢;(X)z = 0,Vi € Ax}

Theorem 3.18. LetX be a (local) minimizer of (GCO) and a regular point of hypersurface {x : h(x) = 0,¢;(x) = 0,7 € Ag},
and let ,s denote Lagrange multipliers such that (X,y,8) satisfies the (first-order) KKT conditions
of (GCO ). Then, it is necessary to have

d"V2L(%,¥,5)d >0 vd € Tk (3.20)
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The Hessian of the Lagrangian function need to be positive semidefinite on the tangent-space.
The details of this theorem could be checked out in the textbook Luenberger et al. (1984)

Proof. The proof reduces to one-dimensional case by considering the objective function ¢(t) =
f(z(t)) for the feasible curve x(t) on the surface of ALL active constraints. Since 0 is a (local)

minimizer of ¢(t) in an interval [—aa] for a sufficiently small @ > 0, we must have ¢’(0) = 0 so that
0.< ¢"(t)],—p = %(0)"VZf(X)%(0) + Vf(X)%(0) = T V?f(X)d + V f(X)%(0).
Let all active constraints (including the equality ones) be h(x) = 0 and differentiating equations

yTh(x(t)) = >, gihi(x(t)) = 0 twice, we obtain

0=x(0)" lz 5:V2h; (x)] %(0) + 77 Vh(X)%(0) = d” [Z 7;V2hi(X) | d + T Vh(X)x(0).

Let the second expression subtracted from the first one on both sides and use the FONC:

0<d'V?f(x)d — d” [Z 7:V?hi(X) | d + V£(X)%(0) — 57 Vh(X)%(0)

=dTVv?f(x)d —d” [Z yiVth(x)] d
=d'ViL(x,y,5)d

Note that this inequality holds for every d € Tx. O

Furthermore we could show similar theorem

Theorem 3.19. Let X be a regular point of (GCO) with equality constraints only and let y be the
Lagrange multipliers such that (X,y) satisfies the (first-order) KKT conditions of (GCO). Then, if
in addition

dT"V2L(X,7)d >0 V0 #d € Tk, (3.21)

then X is a local minimizer of (GCO).

The simple example illustrates the regular points and KKT points.

Example 3.20.
min (21)° + (22)° s.t. (21)/4+ (22)> =1=0
L(ay,w2,y) = (01) + (22)° =y (= (@1)° /4 = (22) +1)
VoL (21,22,y) = (221(1 + y/4), 222(1 + y))

2(1+y/4) 0
0 21+y)

TX = {(21,2’2) : (1‘1/4) 21 + Xozo = 0}

V?EL(%,&U%Z/) = (
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We see that there are two possible values for y : either —4 or —1, which lead to total four KKT

points:
T 2 -2 0 0
T = 0 , 0 , 1 , and -1
Y —4 —4 -1 -1

Consider the first KKT point:

0

V2L(2,0,—4) = 0
0 —6

) ,ng {(2’172’2) 121 ZO}

Then the Hessian is not positive semidefinite on Tk since
d"V2L(2,0,-4)d = —6d3% < 0.
Consider the third KKT point:

3/2 0

V2L(0,1,-1) =
0 0

) 7T§: {(21,2'2) 129 = 0}

Then the Hessian is positive definite on Tk since
dTVv2L(0,0,-1)d = (3/2)d? > 0,Y0 # d € Tx.

This would be sufficient for the third KKT solution to be a local minimizer.

We also try to apply the KKT condition on the noncovex problem, like spherical constrained
nonconvex quadratic optimization
SCQP) min xTQx+c’x
(SCQP) % (3.22)
st [Ix[IF(<,=)1

Here we can also relax the norm constraint to the SDP. And have rank 1 solution

Theorem 3.21. The FONC and SONC, that is, the following conditions on x, together with the

multiplier y,
Ix|*>  (<,=) 1,(0PC)

2Qx + ¢ — 2yx = 0,(LDC)
y (<, free’) 0,(MSC)
y (1= 1%/ = 1,(CS0)

are necessary and sufficient for finding the global minimizer of (SCQP).

3.10 Lagrangian Duality Theory

A bullet point is the conic duality form is the subset of Lagrangian duality. Recall the dual of conic

linear program
(CLP) min cex

st. a,ex=0b;,i=1,2,... mx €K,
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and it dual problem

(CLD) max by

m
s.t. Zyiai+S=C,S€K*7
i

where y € R™, s is called the dual slack vector/matrix, and K* is the dual cone of K. In general,
K can be decomposed to K = K1 ® Ky @ ... ® K, that is,

X = (X1;X2;...;%Xp),X; € K;,Vi
Note that K* = K{ ® K3 & ... ® K, or
s = (s1;892;...38p),8; € K, Vi.

This is a powerful but very structured duality form. We now develop the Lagrangian Duality theory
as an alternative to Conic Duality theory. For general nonlinear constraints, the Lagrangian Duality

theory is more applicable.
We explain the Lagrangian duality idea by toy example

min (21 — 1)° + (22 — 1)°
st. x14+21x,—1<0
201 + 22— 1 <0

L(x,y) = f(x) -y e(x) = f(x) - qu(@ =

= (@1 = 1)+ (22 —1)° =gy (21 + 222 — 1) — 42 (221 + 22 — 1), (y1;92) <O

where

VLJ(X,y) _ < 2(351—1)_91 —22/2 )

2(ze —1) = 2y1 — ¥

For given multipliers y € Y, consider problem

(LRP) inf  L(x,y) = f(x) -y e(x)
st. xeR"

Again, y,; can be viewed as a penalty parameter to penalize constraint violation ¢;(x),i = 1,...,m.

In the toy example, for given (y1;y2) < 0, the LRP is:
inf (x1 — 1)2 + (z2 — 1)2 —y1 (1 + 202 — 1) —ya (221 + 20 — 1)

s.t. (w1;m9) € R2, let above infimum formula equal 0, and it has a close form solution x for any

given y :
_ i t2p _ 2yt
2 2

with the minimal or infimum value function = —1.25y% — 1.25y3 — 2y1y2 — 2y; — 2y2. Note that the

T +1 and 9 +1

difference between minimum and infimum, the minimal solution is achievable but infimum is not.
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For any y € Y, the minimal value function (including unbounded from below or infeasible cases)

and the Lagrangian Dual Problem (LDP) are given by:

¢(y) :== infx L(x,y), st. x€R"
(LDP) supy,¢(y), st. yeY

Theorem 3.22. The Lagrangian dual objective ¢(y) is a concave function

Proof. For any given two multiply vectors y! € Y and y? € Y,
¢(ay' +(1—a)y?) =inf L (x,ay" + (1 - a)y?)
—inf [£(x) = (ay" + (1 - a)y?)" e(x)
= inf [af(x) + (1 - a) f(x) -
inf [aL (x,y") + (1 — @)L (x,¥%)]
[me x,y)] + (1= a) [inf L (x.5%)]

=ag(y') +(1-a)o(y?)

—

Q
—~
<
—
~
By
LS
|
_
|
£
—~
<
\_l>;

Intuition, we have the weakly duality
Theorem 3.23. (Weak duality theorem) For everyy € Y, the Lagrangian dual function ¢(y) is less

or equal to the infimum value of the original GCO problem.

Proof.
o(y) = inf {7(x) ~yTe(x)}

< inf {£(x) — yTe(x) st. c(x)(<, =, =)0}
<inf{f(x): st e(x)(<,=, =)0}
The first inequality is from the fact that the unconstrained inf-value is no greater than the constrained
one. The second inequality is from ¢(x)(<,=,>)0 and y (<’ free,>) 0 imply —yTc(x) <0 O
In the toy example. we will have

min (21 —1)° + (22 — 1)
s.t. 1+ 225 —1<0
200+ 22 —1<0

where x* = (%, %) The Lagrangian formula is

o(y) = —1.25y7 — 1.25y5 — 2y1y2 — 2y1 — 2y2,y < 0
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The dual program is

max — 1.25y% - 1.25y§ —2y1y2 — 2y1 — 292
st (y1392) <0

where y* = (_74; _74).

3.10.1 Example of Program
Example of Dual Linear Program

Consider LP problem

and its conic dual problem is given by

(LD) max by
st. ATy +s=c
s>0

We now derive the Lagrangian Dual of (LP). Let the Lagrangian multipliers be y( ’free’) for
equalities and s > 0 for constraints x > 0. Then the Lagrangian function would be

L(x.y.) = c"x ~y"(Ax ~b) ~s"x = (c— ATy —s) " x + by
where x is 7 free”.

Now consider the Lagrangian dual objective

. . T
$y:s) = inf L(x,y,s) = inf [(c - ATy —s) x+ bTy} :

It (c — ATy — s) # 0, then ¢(y,s) = —oo. Thus, in order to maximize ¢(y,s), the dual must
choose its variables (y,s > 0) such that (c — ATy — s) = 0. This constraint, together with the sign
constraint s > 0, establish the Lagrangian dual problem:

(LDP) max bly
st. ATy+s=c,s>0.

which is consistent with the conic dual of LP.
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Example of Dual Linear Program with Log-Barrier

For a fixed p > 0, consider the problem

min  ¢'x —p 7 log (z;)
s.t. Ax=Db
x>0

Again, the non-negativity constraints can be "ignored” if the feasible region has an ”interior”, that

is, any minimizer must have z(p) > 0. Thus, the Lagrangian function would be simply given by

n T n
L(x,y)=cl'x - leog (z;) —y"(Ax —b) = (c — ATy) x-— leog (z;) +bly

j=1 j=1

Then, the Lagrangian dual objective (we implicitly need x > 0 for the function to be defined)

. . T =
¢(y) :=inf L(x,y) = inf | (c — ATy)" x —p_log(z;) + by
j=1

First, from the view point of the dual, the dual needs to choose y such that ¢ — ATy > 0, since
otherwise the primal can choose x > 0 to make ¢(y) go to —oo. Now for any given y such that
¢ — ATy > 0, the inf problem has a unique finite close-form minimizer x by first order derivative

equaling zero
I

——Vy=1,...,n.
(C_ATY)j J

(Ej =
Thus,

¢(y) =b"y+pu) log(c—ATy), +np(1 - log(u))

Jj=1

Therefore, the dual problem, for any fixed u, can be written as

max ¢(y) = np(1 = log(u)) +max | by +p ; log (¢ — ATy),

This is actually the LP dual with the Log-Barrier on dual inequality constraints ¢ — ATy > 0.

Example of Dual Linear Program with Fisher Market

max > icp wilog (uiTxl-)
s.t. ZiEB x; = b, VJ eqG
ZEZ‘J‘ Z 0, V’L,j
The Lagrangian function would be simply given by

L(x;>0,i€ B,y) = Zwl log (u?xi) - yT <Z X; — b> = Z (w, log (u?xi) - yTxi) + bTy

i€B i€B i€B
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Then, the Lagrangian dual objective, for any given y > 0, would be

o(y) ::xizi&fieBL(X“iEB’y):xiﬁﬁgegé(wllog(“f x;)) —y'x;) +bly

Similar idea we use in the linear program with barrier function. For each i € B, the sup-solution is

Wy

> 0,5 = argminﬂ,xlj =0Vj # j*.
Uis

Tijx =
Yj* J Uij

Thus,

o) = by — 3 witog (min [ﬂ) S (log (1) — 1).

i€B i€B

3.10.2 Lagrangian Strong Duality Theorem

Theorem 3.24. Theorem 3 Let (GCO) be a convexr minimization problem and the infimum f* of
(GCO) be finite, and the suprermum of (LDP) be ¢*. In addition, let (GCO) have an interior-point
feasible solution with respect to inequality constraints, that is, there is X such that all inequality

constraints are strictly held. Then, f* = ¢*, and (LDP) admits a mazimizer y* such that
Py")=1r"
Furthermore, if (GCO) admits a minimizer x*, then

yic (x*)=0,vi=1,...,m.

The assumption of “interior-point feasible solution” is called Constraint Qualification condition,
which was also needed as a condition to prove the strong duality theorem for general Conic Linear

Optimization.

Proof. Consider the convex set
C:={(k;8) : Ix s.t. f(x) <k,—c(x) <s}.

Then, (f*;0) is on the closure of C. From the supporting hyperplane theorem, there exists (y5;y*) #
0 such that

wfr < (K}I;fc( sr+ (v )

First, we show y* > 0, since otherwise one can choose some (0;s > 0) such that the inequality
is violated. Secondly, we show y§ > 0, since otherwise one can choose (k — 00;0) if y* < 0, or
(0;8 = —c(x) < 0) if y* = 0 (then y* # 0), such that the above inequality is violated. Now let us
divide both sides by y§ and let y* := y*/yj, we have

rr< it (ne)7s) =inf (Fx) - () ex)) = 6 (") < 0",

(k;8)€C

Then, from the weak duality theorem, we must have f* = ¢*
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If (GCO) admits a minimizer x*, then f (x*) = f* so that
o) <int [£00 — (") €] < £ 66~ () el = £ )~ D i ).
which implies that
S vt x) <0
Since y¥ > 0 and ¢; (x*) > 0 for all 4, it m;st be true yf¢; (x*) = 0 for all 1. O

Theorem 3.25. The Lagrangian dual function ¢(y) is a concave function

The proof of theorem is 3.10

3.10.3 Support Vector Machine

The primal formulation is

min  §+ pl|x|*
X,%0,/

»L0,

st. alx+xzo+B>1,Vi,(y, > 0)
*bJTX*fUOJrﬂ > 1,Yj, (yy > 0)
B> 0.(a >0)

(3.23)

The Lagrangian formula is
L (xvx()aﬂayaayb?a) = /6 +/’LHXH2 - yg (ATX+ Toe + 5e - e) - }’g (7BTX — Zp€ +/Be - e) - O‘B

First order derivative condition

VxL(-) = 2ux — Ay, + By, = 0, ( replace x)
Vo L(-) = —eTy, + ey, = 0, (dual constraint) (3.24)
VsL(:)=1—-eTy, — eTy, — a = 0.(dual constraint)

Then the dual objective is
-1
1 14va - Byu|* +ely. +e’y,

In the dual side, we can understand the support vector machine. The fundamentation is to separate

two sets.

In addition, some problem could not be straight-ward. We cannot use the linear algebra or
first order derivative to substitute. The dual formulation structure depends different kind of primal

problem. Sometimes the dual can be constructed by simple reasoning: consider

(LP) min c’'x
s.t. Ax=b,—e<x<e
(IIx[[e < 1)
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Let the Lagrangian multipliers be y for equality constraints. Then the Lagrangian dual objective

would be
_ _ 4T N\T T
o(y) = _elgn)ggeL(x,y) = _elélfﬁe [(c A y) x+b y]
where if (c — ATy)j <0,z; = 1; and otherwise, x; = —1.

Therefore, the Lagrangian dual is

(LDP) max bTy —|c - ATyH1
s.t. y € R™

3.10.4 Farkas Lemma for Nonlinear Constraints

Consider the convex constrained system:

(CCS) min  07x
st. (x)>0,i=1,...,m,

where ¢;(.) are concave functions and the Lagrangian Function is given by
m
L(x,y) = —y"e(x) = - Zyici(x)ay >0
i=1
Again, let

o(y) = irifL(x7 y)-
Theorem 3.26. If there exists y > 0 such that ¢(y) > 0, then (CSS) is infeasible. The proof is

directly from the dual objective function ¢(y) is a homogeneous function and the dual has its objective

value unbounded from above.

3.10.5 The Conic Duality vs. Lagrangian Duality

Consider SOCP problem
(SOCP) min c’'x
st. Ax=Db (3.25)
r1 — [[x-1ll; >0
and it conic dual problem

(SOCD) max bly
st. ATyt+s=c (3.26)
51— [[s-1ll; = 0

Let the Lagrangian multipliers be y for equalities and scalar s > 0 for the single constraint z; >

|x—1|l5- Then the Lagrangian function would be

T
L(x.y,s) = ¢’ x —y"(Ax = b) — s (21 — [x-1lly) = (¢ = ATy)" x — s (21 — [[x-1lly) + by
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Now consider the Lagrangian dual objective

. . T
o(y,s) = xlengn L(x,y,s) = xglén [(c —ATy) x—s (21— ||x_1]ly) + bTy] .

The objective function of the problem may not be differentiable so that the classical optimal condition
theory do not apply. Consequently, it is difficult to write a clean/explicit form of the Lagrangian

dual problem.

On the other hand, many nonlinear optimization problems, even they are convex, are difficult to
transform them into structured CLP problems (especially to construct the dual cones). Therefore,

each of the duality form, Conic or Lagrangian, has its own pros and cons.

3.11 Conic Duality

This section heavily from this course webpage. We will discuss the conic duality. The bullet points

is when we deal with the conic program, 99% first step to try the conic duality.

The conic optimization problem in standard equality form is:

p*=min:c’z : Az=bzxeck

x
where cal K is a proper cone, for example a direct product of cones that are one of the three types:
positive orthant, second-order cone, or semidefinite cone. Let cal K* be the cone dual cal K, which
we define as (K* = {\: Vo € K,\T2x > 0}. ) All cones we mentioned (positive orthant, second-order

cone, or semidefinite cone, and products thereof), are self-dual, in the sense that £* = K.

The Lagrangian of the problem is given by
Kz, \y)=cTz+yT(b— Az) — Xz

The last term is added to take account of the constraint = € Kx in cal K. From the very definition

of the dual cone:

. 0 ifr e
maxXjcix —A T =
+o00  otherwise

Thus, we have

p* = ming maxy xexr L£(2, A, y)

= min, maxy exr Lz +yT (b — Az) — \Tx
> d* := maxy xex+ 9(\, )

where

Ty ife— ATy —X\=0
g0\ y) = mineTe +y7 (b — Az) ~ Xz = ¢ 7 y
’ —oo  otherwise

The dual for the problem is:

d* =maxyTb:c— ATy —A=0,Ae K*
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Eliminating A\, we can simplify the dual as
d* =maxy’b:c— ATy e K*

Note that dual cone K* = {y :< z,y >> 0,z € K}

3.11.1 Strong duality and KKT conditions
Conditions for Strong Duality

We now summarize the results stated before. Strong duality holds when either:

e The primal is strictly feasible, i.e. 3z : Az = b,z € int(K). This also implies that the dual

problem is attained

e The dual is strictly feasible, i.e. 3y : ¢ — ATy € int (K*). This also implies that the primal
problem is attained. item If both the primal and dual are strictly feasible then both are
attained (and p* = d* )

KKT Conditions

Assume p* = d* and both the primal and dual are attained by some primal-dual triplet (z*, A*, y*)

. Then,
p* _ CTLC* _ d* :g()\*’y*)

=min L (z, \*,y")
T
< L%\ y")
_ ch* _)\*Tx* +y*T (b—AI*)
S CT.I‘* :p*

The last term in the fourth line is equal to zero which implies A\*7z* = 0. Thus the KKT conditions

are:

l.zel, Az =0
2. Ae K

3.\ 'z =0

e

.c— ATy — X =0, that is, V. L(z,)\,y) =0

Eliminating A from the above allows us to get rid of the Lagrangian stationarity condition, and gives

us the following theorem.
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Theorem 3.27. The conic problem
p* = mgnch tAr=0b, zelk.
admits the dual bound p* > d*, where
d* =maxyTb:c— ATy e K*.

If both problems are strictly feasible, then the duality gap is zero: p* = d*, and both values are
attained. Then, a pair (x,y) is primal-dual optimal if and only if the KKT conditions

e Primal feasibility: v € K, Az =

o Dual feasibility: ¢ — ATy € K*

o Complementary slackness: (c - ATy)T x =0, hold

3.11.2 SDP Duality

In this section, we consider the SDP in standard form:
pt = m)zgx(Q X)
X >0

where C, A; are given symmetric matrices, (A4, B) = Tr(AB) denotes the scalar product between

two symmetric matrices, and b € R™ is given. Note that

t?"(A) Z (0777

Conic Lagrangian

Consider the ”conic” Lagrangian
LX,v,Y) = (C,X)+ Y vi(bi — (Ai, X)) + (Y, X),
i=1

where now we associate a matrix dual variable Y to the constraint X > 0. Let us check that the
Lagrangian above ”"works”, in the sense that we can represent the constrained maximization problem

as an unconstrained, maximin problem:
* = maxmin L(X, v, Y).
p X Y¥0 (X,,Y)
This is an immediate consequence of the following;:
min(Y, X) =min = min (Y, X) = min tApnin(X),
Y0 t>0 Y=0,Tr Y=t t>0

where we have exploited the representation of the minimum eigenvalue. The geometric interpretation

is that the cone of positive-semidefinite matrices has a 90° angle at the origin.
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Dual Problem

The minimax inequality then implies

p* <d*:= min max L(X,r,Y).
vY50 X

The corresponding dual function is

v i C -3 A +Y =0
9(Y,v) = max L(X,»,Y) = Q=1

—oo  otherwise.

The dual problem then writes

d* = min g(Y,v) = min v7b:C — A=Y <0.
Vr’rl}lélog( V) min v C ;VZ i <0

After elimination of the variable Y, we find the dual

d* =minvTb: C - Z v;A; < 0. (3.28)

=1

which is in standard inequality form.
Theorem 3.28. (Strong duality in SDP) Consider the SDP
p* = m}e{tx(C’,X} AL X)=0b;, i=1,....mX >0

and its dual -
d* =minvTb : ZZ/iAi = C.
i=1
The following holds:

1. Duality is symmetric, in the sense that the dual of the dual is the primal

2. Weak duality always holds: p* < d*, so that, for any primal-dual feasible pair (X,v), we have
vTh > (0, X)

3. If the primal (resp.dual) problem is bounded above (resp. below), and strictly feasible, then
p* = d* and the dual (resp. primal) is attained

4. If both problems are strictly feasible, then p* = d* and both problems are attained

3.11.3 SOCP Duality

We start from the second-order cone problem in inequality form:

st. A +bill, <clz+d;, i=1,...,m,

where c € R™, A; e R"*" b, e R",c; e R",d; e R,i=1,...,m.

54



Conic Lagrangian

To build a Lagrangian for this problem, we use the fact that, for any pair (¢,y) :

0 if <t
max 7uTy*t’\:I}\1§8()‘(Hy”2*t) _ yll2 <

(w,A):flull2<A +o0o0  otherwise.

The above means that the second-order cone has a 90° angle at the origin. To see this, observe that

T
max —uly—th=— min Y 0.
(w,A):[lull2<A (wA):flullz<x \ A t

The objective in the right-hand side is proportional to the cosine of the angle between the vectors
involved. The largest angle achievable between any two vectors in the second-order cone is 90°. If

[lyll2 > t, then the cosine reaches negative values, and the maximum scalar product becomes infinite.

Geometric interpretation of the 90° angle at the origin property. The two orthogonal Dalt vectors
in black form the maximum angle attainable by vector in the second-order cone. text The vector
in red forms a greater angle with the vector on the left, and the corresponding scalar product is

unbounded. Consider the following Lagrangian, with variables x, A € R™, u; e R i =1,...,m :

m

ﬁ(z,)\,ul, e ,um) = ch — Z [’U,ZT (AlLE + bz) + /\1 (CZTZL' + dl)} .

i=1

Using the fact above leads to the following minimax representation of the primal problem:

* = min max L(z, AU, Upy).
T luill;<Aii=1,..,m

Conic dual

Weak duality expresses as p* > d*, where

d* = max min £ (2, A, U1, ..., Up) .
luwilly<Aisi=1,ccom @

The inner problem, which corresponds to the dual function, is very easy to solve as the problem is
unconstrained and the objective affine (in = ). Setting the derivative with respect to x leads to the

dual constraints

NE

c= [A?’u,, + )\zcz]
i=1
We obtain
m
* T _ Ty.
d —Am“rin:al)?(m’m Ad ;Uz b;
i—

m
s.t. CZZ[AZTW-FMQ], i=1,...,m
i=1

HUZHQS)\Z) 7::].,...,’I”)’L

The above is an SOCP, just like the original one.
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Theorem 3.29. (Strong duality in SOCP) Consider the SOCP

p* :=min 'z

p (3.29)
st Ax+bll, <cle+d, i=1,...,m,

and its dual

d* = max - Md— Zuini

Auii=1,...,m

ZAU2+)\CZ) i=1,....m (3.30)

[uilly < Ay i =1,...,m

geeey

The following holds:

1. Duality is symmetric, in the sense that the dual of the dual is the primal

2. Weak duality always holds: p* > d*, so that, for any primal-dual feasible pair (x, (u;, \i)i),

i=
we have A\Td + 37" ulb; < T

3. If the primal (resp. dual) problem is bounded above (resp. below), and strictly feasible, then
p* =d* and the dual (resp. primal) is attained

4. If both problems are strictly feasible, then p* = d* and both problems are attained
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Chapter 4
Optimization Algorithm

Ref Chapters 4.2, 8.4-5, 9.1-7, 12.3-6

4.1 Optimization Algorithm

Optimization algorithms tend to be iterative procedures. Starting from a given point x°, they
generate a sequence {Xk} of iterates (or trial solutions) that converge to a ”solution” - or at least

they are designed to be so.

Recall that scalars {xk} converges to 0 if and only if for all real numbers £ > 0 there exists a
positive integer K such that
|a*| <& forallk> K.

Then {x*} converges to solution x* if and only if {||x* — x*||} converges to 0 . We study algorithms

that produce iterates according to

e well determined rules-Deterministic Algorithm
e random selection process-Randomized Algorithm.
The rules to be followed and the procedures that can be applied depend to a large extent on the

characteristics of the problem to be solved. Generally, they are several kinds of solution, such as

local optimal, global optimal, first order derivative, and KKT point.

4.1.1 General Algorithm

A General Algorithm: A point to set mapping in a subspace of R™.
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Theorem 4.1. (Page 222, Luenberger et al. (1984)) Let A be an ”algorithmic mapping” defined

over set X, and let sequence {xk}, starting from a given point x°, be generated from

xFle A (xk, .. )
Let a solution set S C X be given, and suppose

1. all points {Xk} are in a compact set

2. there is a continuous (merit) function z(x) such that if x ¢ S, then z2(y) < z(x) for all
y € A(x); otherwise, z(y) < z(x) for all y € A(x)

3. the mapping A is closed at points outside S ( x* — X € X and A (x*) = y*¥ — ¥ imply
y € AX)

Then, the limit of any convergent subsequences of {xk} is a solution in S. Note that compact set
means the set is closed and bounded. And it is the general optimization idea, how to solve the
specific problem is case by case. In the term of x**1 € A4 (xk, . .), it will be two cases. case 1 we

use z¥. case 2 we use all previous information such as zo, ..., T

Convergence Rate of Iterative Method

This section content is from Senning (2007).

Definition 4.2. If a sequence x1,xs,...,T, converges to a value r and if there exist real numbers
A >0 and o > 1 such that

) x —-r

lim M = (4.1)

n—oo |z, — r|

then we say that o is the rate of convergence of the sequence

When o = 1 we say the sequence converges linearly and when o = 2 we say the sequence

converges quadratically. If 1 < « < 2 then the sequence exhibits superlinear convergence.

Many root-finding methods are fixed-point iterations. These iterations have this name because
the desired root r is a fixed-point of a function g(z), i.e., g(r) — r. To be useful for finding roots, a
fixed-point iteration should have the property that, for z in some neighborhood of r, g(x) is closer

to r than x is. This leads to the iteration
Tpi1 =9(xn), n=0,1,2,...

Newton’s method is an lexample of a fixed-point iteration since

=g(x T)=x— f(@)
ran = 9(ra), gla) =2~ g3 (42)

and clearly g(r) = r since f(r) = 0.
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Theorem 4.3. Let r be a fized-point of the iteration x,+1 = g(x,) and suppose that ¢'(r) # 0.

Then the iteration will have a linear rate of convergence.

Proof. Using Taylor’s Theorem for an expansion about fixed-point r we find

9(@) = 9r) + g () — 1)+ L (2

where & is some value between x and r. Evaluating at x,, and noting that 2,11 = g (x,,) and g(r) = r

we obtain

Toy1 =7 +4 (r) (@ —7) +
Subtracting r from both sides and dividing by x,, — r gives
T N L
T () + 5 (e = 7)

which, as n — oo, yields
lim 2= ).
Comparing this with Equation 4.1 we see that o = 1 and A = |¢'(r)|, indicating that the method

converges linearly. O

We use the Taylor expansion to approximate the original function, and ¢”(§) is small term
comparing with ¢’(r). Next, consider the case when ¢’(r) = 0. This is important because it explains

why Newton’s method converges so quickly .

Theorem 4.4. Let r be a fized-point of the iteration xp41 = g (x,) and suppose that ¢'(r) = 0 but

g"(r) #0. Then the iteration will have a quadratic rate of convergence.

Proof. Using Taylor’s Theorem once again, but including one more term, we have

o(@) = 9() + g () )+ L (w2 L oy

2

As before, we substitute x,, for  and use the facts that z,+1 = g(x,),g(r) =r, and ¢’(r) = 0 to

7' 9"(©)
=N T )

Subtracting r from both sides and dividing by (z,, — r)2 gives

obtain

Tpyp1 =7+ (zn —1)° +

Int+1 — T gll(/r) g///(g) (:Cn o 7,)

= +
(zn — 1) 2 6
which, as n — oo, gives
fo o =l g0
n—o00 |xn _ T‘Q 2
Observe that o = 2, which shows the iteration will converge quadratically. O
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In most instances this situation applies to Newton’s method. Computing ¢'(x) from 4.2 we have

, [ @) f' (@) = f@)f"(x) _ fla)f"(z)
—1- = .
7 )P (@)
When this is evaluated at r, we find that ¢’(r) = 0 because f(r) = 0, provided f'(r) # 0, and so we

expect Newton’s method will converge quadratically. It is possible to show that

1
lim ¢'(z) = =

T 2

when f’(r) = 0, so in this case Newton’s method exhibits only linear convergence.

4.1.2 Descent Direction Method
In this case, merit function z(x) = f(x), that is, just the objective itself.

1. Test for convergence If the termination conditions are satisfied at x*, then it is taken (accepted)
as a ”solution.” In practice, this may mean satisfying the desired conditions to within some

tolerance. If so, stop. Otherwise, go to step 2

2. Compute a search direction, say d* # 0. This might be a direction in which the function value

is known to decrease within the feasible region
3. Compute a step length, say o* such that
I (xk + akdk) <f (xk) . (4.3)
This may necessitate a one-dimensional (or line) search

4. Define the new iterate by setting
xFHL _ xk 4 ok gk

and return to step 1

There are two points, we could let a* = arg min f (xk + ozkdk'). It is also the optimized direction.

And the second formula is named the convergence speed/complexity

4.1.3 Algorithm Complexity and Speeds
The intrinsic computational cost/time of an algorithm depends on

e number of decision variables n : cost of the inner product of two vectors, cost of solving system

of linear equations

e number of constraints m : cost of the product of a matrix and a vector, cost of the product of

two matrices
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e number of nonzero data entries NN Z : sparse matrix/data representation
e the desired accuracy 0 < e < 1 : the cost could be propotional to E%, %, log (%) ,log log (%) yees

e problem difficulty or complexity measures such as the Lipschiz constant 3, the condition num-

ber of a matrix, etc

e Finite versus infinite convergence. For some classes of optimization problems there are al-
gorithms that obtain an exact solution-or detect the unboundedness-in a finite number of

iterations. If we determine the exact solution, the result will not depend on €

e Polynomial-time versus exponential-time. The solution time grows, in the worst-case, as a

function of problem sizes (number of variables, constraints, accuracy, etc.)

e Convergence order and rate. If there is a positive number + such that

_ oW

k *
-x — 7
=Ty

HXO —x*

(B :

then {xk} converges arithmetically to x* with power ~. If there exists a number v € [0,1)
such that

*

ka+1 _x*

< [l —x

(= =

< ,yk HXO ok

then {x’c } converges geometrically or linearly to x* with rate . If there exists a number
v€[0,1)

kaH — x*| <7 ka — X*H2 after ka — x*” <1

k
then {x*} converges quadratically to x* (such as {(;)2 } )

It is a bit different in the computer science complexity, we also consider the the number of nonzero
data entries. And if we set the desired accuracy, the computation cost will decrease from left side.

Obviously, you can get the same conclusion in the below figure 4.1.3.

Regrading the convergence order, we attach detailed explanation from page 220 Luenberger et al.
(1984). Consider a sequence of real numbers {ry} .-, converging to the limit 7*. We define several

notions related to the speed of convergence of such a sequence.

Definition 4.5. Let the sequence {ri} converge to r*. The order of convergence of {ry} is defined

as the supremum of the nonnegative numbers p satisfying

_ *
0< hm M
k—oo |rg — r*|

< 0.

To ensure that the definition is applicable to any sequence, it is stated in terms of limit superior
rather than just limit and 0/0 (which occurs if r, = r* for all k) is regarded as finite. But these
technicalities are rarely necessary in actual analysis, since the sequences generated by algorithms

are generally quite well behaved.
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Figure 4.1: Cost vs Desired Accuracy

It should be noted that the order of convergence, as with all other notions related to speed of
convergence that are introduced, is determined only by the properties of the sequence that hold as
k — oo. Somewhat loosely but picturesquely, we are therefore led to refer to the tail of a sequence-
that part of the sequence that is arbitrarily far out. In this language we might say that the order
of convergence is a measure of how good the worst part of the tail is. Larger values of the order p
imply, in a sense, faster convergence, since the distance from the limit r* is reduced, at least in the
tail, by the p th power in a single step. Indeed, if the sequence has order p and (as is the usual case)

the limit

|

. |7"k+1 - T
= lim ——— 4.4
o= =P (44)
exists, then asymptotically we have
|Thrr — 7| = Blre —r* 7. (4.5)

Example 4.6. The sequence with r, = a® where 0 < a < 1 converges to zero with order unity, since

Tht1/Th = a

Example 4.7. The sequence with ri = a(Qk) for 0 < a <1 converges to zero with order two, since

rk+1/ri =1

Algorithm Classes
Depending on information of the problem being used to create a new iterate, we have

e Zero-order algorithms. Popular when the gradient and Hessian information are difficult to

obtain/compute, e.g., no explicit function forms are given, functions are not differentiable,
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”black-box” optimization, etc

e First-order algorithms. Most popular now-days, suitable for large scale data optimization with

low accuracy requirement, e.g., Data Science, Machine Learning, Statistical Estimation ...

e Second-order algorithms. Popular for optimization problems with high accuracy need, e.g.,

some scientific computing, etc

4.1.4 Zero Order Method
Golden Section Search

Assume that the one variable function f(z) is Unimodel in interval [ab], that is, for any point
x € [a;by] such that a < a, < by < b, we have that f(z) < max{f (a,), f (b;)}. How do we find z*

within an error tolerance €. Answer is |z, — x| < €

1. Initialization: let z; = a,x, = b, and choose a constant 0 < r < 0.5

2. Let two other points &; = z; + r (¢, — ;) and &, = 2; + (1 — r) (x, — x;), and evaluate their

function values
3. Update the triple points =, = &,,%, = &y, 2; = 2 if f(&) < f(&,); otherwise update the

triple points x; = Z;, &; = &, = x,; and return to Step 2 .

In either cases, the length of the new interval after one golden section step is (1 — r). If we set
(1 —=27r)/(1 —r) =r, then only one point is new in each step and needs to be evaluated. This give
r = 0.382 and the linear convergence rate is 0.618. This figure 4.1.4 from Wikipedia illustrate the

idea of golden section search

4.1.5 First Order Method
Bisection/Binary Search Method

For a one variable problem, an KKT point is the root of g(z) := f/(x) = 0. Assume we know an
interval [ab] such that a < b, and g(a)g(b) < 0. Then we know there exists an z*, a < 2* < b, such
that g (z*) = 0; that is, interval [ab] contains a root of g. How do we find = within an error tolerance
€, that is, |z — 2*| <€

1. Initialization: let x; = a,z, = b

2. Let 2, = (z; + ) /2, and evaluate g (2,,,)

3. If g(x,) = 0 or & —2; < € stop and output z* = x,,. Otherwise, if g (z;) g (z;m) > 0 set

T] = Tp; else set x,. = x,,; and return to Step 2
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Figure 4.2: Diagram of Golden Section Search

The length of the new interval containing a root after one bisection step is 1/2 which gives the linear

convergence rate is 1/2; and this establishes a linear convergence rate 0.5.

Steepest Descent Method (SDM)

Let f be a differentiable function and assume we can compute gradient (column) vector Vf. We

want to solve the unconstrained minimization problem

min f(x).

XER™M

In the absence of further information, we seek a first-order KKT or stationary point of f, that is,
a point x* at which Vf (x*) = 0. Here we choose direction vector d* = —V f (xk) as the search
direction at x¥, which is the direction of steepest descent. The number o* > 0, called step-size, is
chosen "appropriately” as
k . k k
«a Eargmlnf(x —an(x )) (4.6)

Then the new iterate is defined as
Xk-‘rl — Xk‘ _ Oéka (Xk) (47)

In some implementations, step-size a* is fixed through out the process - independent of iteration

count k

Example 4.8. Let f(x) = %XTQX—F cT'x where Q € R™™™ is symmetric and positive definite. This
implies that the eigenvalues of Q are all positive. The unique minimum x* of f(x) exists and is

given by the solution of the system of linear equations

Vix)=Qx+c=0
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or equivalently
Qx = —c.
The iterative scheme becomes, from dF = — (ka + c)
L = xF 4 ofdF = xF — o (ka + c) .
To compute the step size, o, we consider
f(x"+ad")
=c” (x* + ad®) + % (x* + adk)T Q (x" + ad")
=c"x" + ac’d" + % (xk)T Qx" + a (xk)T Q4" + %aQ (dk)T Qd*

which is a strictly convex quadratic function of o.. Its minimizer o is the unique value of o where

the derivative f’ (Xk + adk) vanishes, i.e., where

Tdk + (x")" Qd" +a(d) " Qd* =o.

Thus . )
) e 9
(d")" Qa* (d")" Qa*
The recursion for the method of steepest descent now becomes
xPHl = xk (de”z ) d*. (4.9)
(d%)" Qd*

Therefore, minimize a strictly convexr quadratic function is equivalent to solve a system of equation
with a positive definite matriz. The former may be ideal if the system only needs to be solved

approrimately.
Here we can determine the close form solution of a*. We recall how to compute the optimal a*,
let * = arg min f (x’~c + a’“d’“). The direct method is to take the first order derivative.

The following theorem gives some conditions under which the steepest descent method will

generate a sequence of iterates that converge.
Theorem 4.9. Let f: R" — R be given. For some given point x° € R™, let the level set
X'={xeR": f(x) < f(x°)}

be bounded. Assume further that f is continuously differentiable on the convex hull of X°. Let
{xk} be the sequence of points generated by the steepest descent method initiated at x°. Then every

accumulation point of {xk} s a stationary point of f

Proof. Note that the assumptions imply the compactness of X°. Since the iterates will all belong
to X0, the existence of at least one accumulation point of {Xk} is guaranteed by the Bolzano-

Weierstrass Theorem. Let X be such an accumulation point, and without losing generality, {xk}
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converge to X. Assume Vf(X) # 0. Then there exists a value @ > 0 and a § > 0 such that
f(X—aVvVf(X))+d = f(X). This means that y := X — aV f(X) is an interior point of X° and

For an arbitrary iterate of the sequence, say x*, the Mean-Value Theorem implies that we can write
J " —avi () = 13) + (V] () (¢~ avs () - )
where y* lies between x* —aV f (xk) and y. Then {yk} — y and {Vf (yk)} — V() as {Xk} — X

Thus, for sufficiently large k,

F (- avr () < 73) 4y = @)~ )

Since the sequence { f (xk)} is monotonically decreasing and converges to f(X), hence

f@<f (Xk+1) =f (Xk —apVf (Xk)) <f (Xk —aVf (Xk)) <f(x)-= (4.10)
which is a contradiction. Hence V f(X) = 0. O
Remark 4.10. According to this theorem, the steepest descent method initiated at any point of the
level set X° will converge to a stationary point of f, which property is called global convergence.
This proof can be viewed as a special form of Theorem 4.1: the SDM algorithm mapping is closed
and the (merit) objective function is strictly decreasing if not optimal yet.

What if the SDM optimizes he 8-Lipschitz function. Let f(x) be differentiable every where and
satisfy the (first-order) S-Lipschitz condition, that is, for any two points x and y

Vi) = Vi)l < Bllx =yl (4.11)

for a positive real constant 8. Then, we have

Lemma 4.11. Let f be a B-Lipschitz function. Then for any two points x and 'y

F) — ) = V1) o y) < S ey (112)

At the kth step of SDM, we have
£~ £ () < 7 ()" (x—x) 2 flx—

The left hand strict convex quadratic function of x establishes a upper bound on the objective

reduction. And then we can minimize the right hand term because of the boundness and we assume

that f(x) < f (xk) it Vf (Xk) #£0

Let us minimize the quadratic function

X arganin 7 () (x = ) + 2 [ —
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and let the minimizer be the next iterate. Then it has a close form:

0 T 153 2
o <Vf (Xk) (Xk+1 -~ Xk) n - ka-s-l _ XkH ) —0

S %Vf (Xk)
which is the SDM with the fixed step-size % Then from 4.11
PO = £ () < V7 ()" (<597 6 ) + 51l - 595 6 P
1 1
FOE) =1 () < =55 V1 A A R A = 25 IV/ (x oIl

Then, after K (> 1) steps, we must have

F(x) = f (") iKZ V£ (x (4.13)
N .
k=0

Theorem 4.12. (Error Convergence Estimate Theorem) Let the objective function p* = inf f(x) be
finite and let us stop the SDM as soon as HVf (xk) H < f for a given tolerance f € (0,1). Then the

0\_, *
SDM terminates in 2!%1‘(:# steps.

Proof. From inequality 4.16, after K = 2# steps

If |V f (x*)|| > e for all k =0,..., K — 1, then we have

K
f(x") —p" >%e > f(x") —p*

which is a contradiction. O

2

2||X07X*

Corollary 4.13. If a minimizer x* of f is attainable, then the SDM terminates in ? steps.

The proof is based on Lipschitz propriety with x = x° and y = x* and noting Vf(y) = Vf (x*) =0
* * 6 *[|2
PO~ = 1 0~ ) < 2 0 x|

Here we consider f(x) being convex and differentiable everywhere and satisfying the (first-order)

(B-Lipschitz condition. Given the knowledge /3, we again adopt the fixed step-size rule:
1
xFHL = xk BVf (xk) . (4.14)

Theorem 4.14. For convex Lipschitz optimization the Steepest Descent Method generates a sequence
of solutions such that

2
45 HXO _x*

2
“(k+1)(k+2) |

* * 2 i 2
FET = f(x) < %+ 9 [x° = x*||" and ok [V (=)

(4.15)

where x* is a minimizer of the problem.
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Proof. For simplicity, we let 6 = f (x¥) — f (x*) (> 0),g" = Vf (x¥), and A* = x* —x* in the rest

of proof. As we have proved for general Lipschitz optimization

S gk = f (M) = f (xF) < — = ||gk||2, that s 6% — "1 > o Ligl? @6

Furthermore, from the convexity,
S =f(x)—f (xk) > (gk)T (x* — xk) =— (gk)T AF, thatis 6F < (gk)TAk (4.17)
Thus, from 4.16 and 4.18
5k+1 _ 6k+1 o 5k +5k
~ 55 et + )"
_ 5 [|x" 1 — ka2 — B (x" —x*)A¥F, (‘using (4)) )
2 (4.18)
I} 2 T :
== (kaﬂ —xF|7 2 (xM T xb) Ak)
p 2 T
- (HAkH _ Ak“ 19 (Ak+1 _ Ak) Ak)
I} 2 2
=5 (%"~ a=)
Sum up 4.18 from 1 to k + 1, we have

k+1

>0 < 2 (1a0) ~ a1y < & jan?

From the proof of the Corollary 4.13 of last lecture, we have 6° < g HAOHQ. Thus,

k+1
> o< aacf
=0
and
k+1 k+1
Zél > +1-1)8
=0
k+1 k+1
= Z 1+1)5 Zlél
k+2 k:+1
=> =Y
=1 =1
k+1 k+1
= (k+2)6" 4+ 16t = 18!
=1 =1
k+1
= (k+2)0* 4> 1(6 =)
=1
k+1

(k+25k+1+21 - 1H2

25 I8

68



where the first inequality comes from 4.16. Let [|g/|| = minj—o,...x || ¢'||- Then we finally have

(k+1)(k +2)/2
26

which completes the proof. O

(k+2)6"+ 4 lg'l® < 8a%)°,

4.1.6 Second Order Method

For functions of a single real variable z, the KKT condition is g(x) := f/(x) = 0. When f is twice
continuously differentiable then g is once continuously differentiable, Newton’s method can be a very
effective way to solve such equations and hence to locate a root of g. Given a starting point z°,

Newton’s method for solving the equation g(z) = 0 is to generate the sequence of iterates

k+1 E_ 9 (mk) ' (4.19)

The iteration is well defined provided that ¢’ (xk) # 0 at each step. For strictly convex function,
Newton’s method has a linear convergence rate and, when the point is ”close” to the root, the
convergence becomes quadratic, which lead to the iteration bound of O(loglog(1/¢)). From the zero
order method to second order method. It indicates that high order information can guarantee high

convergence speed.

Theorem 4.15. (Smale (1986)) Let g(x) be an analytic function. Then, if x in the domain of g

satisfies
1/(k—1)

9O () <(1/8)

g (%)
klg'(x) '

g9(z)

sup
k>1

Then, z is an approximate root of g. In the following, for simplicity, let the root be in interval
[0 R
Corollary 4.16. (Ye (2011)) Let g(x) be an analytic function in R**and let g be conver and

monotonically decreasing. Furthermore, for x € Rt and k > 1 let

g™ (x)
‘ klg' (x)

1/(k—1)
<

SHE

| Q

for some constant o > 0. Then, if the root z € [#, (1 4+ 1/a)Z] C RTT,Z is an approximate root
of g. Ref Chapter 4.2, 8.4-5, 9.1-7, 12.3-6
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4.2 More First-Order Optimization Algorithms

4.2.1 Double-Directions: Heavy-Ball Method

Polyak (1964) proposes this method named Heavy-Ball Method

xk""l— k 4 QVf(Xk)+ ( \/E_\/x>( k k—l) (420)

VA + VAL

— X —X

(Ve + V)
where the convergence rate can be improved to
(Wm—%&f
VAn + VA1

This is also called the Parallel-Tangent or Conjugate Direction method, where the second direction-
term in the formula is nowadays called ”acceleration” or”’momentum” direction. For minimizing

general functions, we can let
XM = xP — a9V f (xF) + o™ (xF —xF 1) =xF + d (af,a™)
where the pair of step-sizes (a9, a™) can be chosen to

min V£ (x*)d (a?,a™) + %d (a?,a™)V2f (x*)d (a?,a™)

(a9,a4)

where x! can be computed from the SDM step. If V f (xk) < 0 and V2f (x"”‘) is SDP matrix, the

objective function is convex.

4.2.2 Accelerated Steepest Descent Method (ASDM)
Nesterov (77?7) propose an accelerated steepest descent method that works as follows:

k,2
)\0:0>\k+1:1+ 1+ 4(\F) akzl_)\k
) 2 ) )\k-‘rl,
1
ghH1 gk ~Vf (Xk) ’Xk+1 _ (1 _ ak) AR N L

B

Note that (A¥)* = AT (AFF — 1) Ak > /2 and of < 0.

Theorem 4.17. (Accelerated Steepest Descent) Let f(x) be convex and differentiable everywhere,
satisfies the (first-order) -Lipschitz condition, and admits a minimizer x*. Then, the method of
accelerated steepest descent generates a sequence of solutions such that

f (sr) — () < 2D

<13 > VE> 1.

|x0 —x*

The proof we can check out in the page 269 of textbook Luenberger et al. (1984)
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4.2.3 First-Order Algorithms for Conic Constrained Optimization (CCO)

Consider the conic nonlinear optimization problem:

min  f(x)
st. xeK

Nonnegative Linear Regression: given data A € R™*™ and b € R™
min f(x) = 5|4 - bl
st. x2>0;
where Vf(x) = AT(Ax — b)
Semidefinite Linear Regression: given data A; € S™ fori=1,...,m and b € R™

) 1
min f(X) = §||AX — b|?

st. X =0
where Vf(X) = AT(AX —b).
Al o X
AX = e andATy = Z yi A
A,e X i=1

Suppose we start from a feasible solution x° or X©.

4.2.4 SDM with Feasible Region Projection

xFHL = xP — lVf (xk)
B (4.21)

. o . o 2
"1 = Projy (ka) : Solve min ||X — xk'HH

For examples:
o if K = {x:x >0}, then

x" = Proj (ﬁk+1) = max {O,f(kJrl}
o If K ={X :X = 0}, then factorize X"+ =" | X\;v;v7 and let

XFH = Proj g (X’”l) = Z )\jvjv;‘-r
3:A;>0

The drawback is that the total eigenvalue-factorization may be costly. But the convergence rate is

linear
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Consider the conic nonlinear optimization problem:

min  f(x)
st. Ax=Db
xeK

The projection method becomes, starting from a feasible solution x° and let direction
d* = — (1- AT (AAT) 7 A) V] (x")
xFHL = xk g ok gk
we could hold above formula
A(x*+akd") =b
Ad¥ =0
AdF + AV (xF) = AVf (x¥)
Ad* + AV [ (x*) = AAT (AAT) AV (xF)
d¥ + Vf (x*) = AT (4AT) 7 AVF (xY)
d* = (AT (44T) A1)V (x*)

where the stepsize can be chosen from line-search or again simply let

and 3 is the (global) Lipschitz constant. This method also convergence linearly.

e K C R™ whose support size is no more than d(< n) : x = Projg(X) contains the largest d

absolute entries of X and set the rest of them to zeros

e K C R and its support size is no more than d(< n) : x = Projy (%) contains the largest no

mor than d positive entries of X and set the rest of them to zeros

e K C S™ whose rank is no more than d(< n) : factorize X = > i1 Ajviv] with [A] > |[Ag] >
. D d
-+ 2> |An| then Projg (X) = >0, Ajvivy
e K C ST whose rank is no more than d(< n) : factorize X = Z?Zl )\jvjva with A\ > Ay >

... > Ap then Proj,(X) = 25:1 max {O,/\j}vjvf

4.2.5 Multiplicative-Update

At the k th iterate with x*¥ > 0 :

P = xFexp (—;Vf (Xk)>
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Then

L
B

Note that x**1 remains positive in the updating process. The classical Projected SDM update can

log (z"11) = log (") v f(a*)

be viewed as

. T B 2
xFHl = arginggi (x")" x+ 5 [x —x*||”.

Definition 4.18. A strongly convex function is also strictly convex, but not vice versa. A differen-
tiable function f is called strongly convex with parameter m > 0 if the following inequality holds for

all points x,y in its domain:

(Vf(z) = Vi) (@ —y) = mllz —yl3

or, more generally,
(Vf(x) =V fy),z—y) >mlz -y (4.22)

where || - || is any norm.

One can choose any strongly convex function h(-) and define
Di(x,y) = h(x) = h(y) = Vh(y)" (x —y)
and define the update as
k+1 . T k
<kl — argr){lzl%lVf (X ) x + Dy, (x,x ) .

The update above is the result of choosing (negative) entropy function h(x) = >, z;log (z;).
(https://math.stackexchange.com/users/474939/gerhard s) is the proof of strong convex negative

entropy function.

4.2.6 Reduced Gradient Method

Simplex method is important to solve the linear program. we can use the simplex to reduce

gradient. Think this linear program

min c¢Ix
st. Ax=Db (4.23)
x>0

where A € R™*" has a full row rank m.

Theorem 4.19. (The Fundamental Theorem of LP in Algebraic form) Given (LP) and (LD) where

A has full row rank m,
e if there is a feasible solution, there is a basic feasible solution (Carathéodory’s theorem)

73



e if there is an optimal solution, there is an optimal basic solution
Main idea of procedure

1. Initialization Start at a BSF or corner point of the feasible polyhedron

2. Test for Optimality. Compute the reduced gradient vector at the corner. If no descent and fea-
sible direction can be found, stop and claim optimality at the current corner point; otherwise,

select a new corner point and go to Step 2

The reduced gradient is equivalent with reduced cost in Bertsimas and Tsitsiklis (1997)

Suppose the basis of a basic feasible solution is Ap and the rest is Ay. One can transform the

equality constraint to

Ax=Db
Ap'Ax = A'b
Agl (ABXB + ANXN) = Aélb

XB = Aglb — AEIANXN

(4.24)

That is, we express xp in terms of X, the non-basic variables are are active for constraints x > 0.

Then the objective function equivalently becomes

c’'x = chB + C%XN

= CgABlb — CgAglANXN + C]’IC/XN
= CgAglb + (C% — CEAElAN) XN
Vector 17 = ¢? — c5 A5 A is called the Reduced Gradient/Cost Vector where rp = 0 always.

Theorem 4.20. If Reduced Gradient Vector r’ = c’ — CEABIA > 0, then the BFS is optimal.

Proof. Lety! = chgl (called Shadow Price Vector), then y is a dual feasible solution (r =c— ATy > 0)

and cTx = ckxp = chglb = yTb, that is, the duality gap is zero O

And the simplex procedure shows below

1. Initialize Start a BFS with basic index set B and let N denote the complementary index set

2. Test for Optimality: Compute the Reduced Gradient Vector r at the current BFS and let
re = min {r;}.

If r. > 0, stop - the current BFS is optimal
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3. Determine the Replacement: Increase x. while keep all other non-basic variables at the zero

value (inactive) and maintain the equality constraints:
xp = Ag'b — AZ A 2. (> 0).

If 2, can be increased to oo, stop - the problem is unbounded below. Otherwise, let the basic

variable xg be the one first becoming 0

4. Update basis: update B with z, being replaced by z., and return to Step 2

4.2.7 Frank-Wolf Algorithm

min  f(x)
st. x=Db
x>0

where A € R™*™ has a full row rank m. Start with a feasible solution x°, and at the kth iterate do:

1. Solve the LP problem
min V f (xk)Tx st. Ax=b,x>0

and let X**1 be an optimal solution

2. Choose a step-size 0 < of < 1 and let

Xk+1 — Xk 4 Oék ()~(k+l _ Xk) .

This is also called sequential linear programming (SLP) method.

We summary the first-order method

e Good global convergence property (e.g. starting from any (feasible) solution under mild tech-

nical assumption...)
e Simple to implement and the computation cost is mainly compute the numerical gradient
e Maybe difficult to decide step-size: simple back-track is popular in practice

e The convergence speed can be slow: not suitable for high accuracy computation, certain ac-

celerations available

e Can only guarantee converging to a first-order KKT solution

Ref Chapter 14.1-6
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4.3 Dual/Lagrangian Methods for Constrained Optimization

4.3.1 Local Lagrangian Method

We consider the nonlinear program

ffi=min f(x)
st. h(x)=0 (4.25)
xe X

Recall that the Lagrangian function:
L(x,y) = f(x) = y"h(x).

and the dual function:

o(y) = mip L(x,y)

and the dual problem
fr>¢" == maxg¢(y).

In many cases, we can find y* of dual problem. Suppose x* is a local minimizer, and consider the

localized (convex) problem and the last constraint means the z belongs to z* neighborhood

F(x) = min f(x)

st. h(x)=0
o (4.26)

I — x| < e
Then, the localized Lagrangian function:
)2
Ly (.3, ) = f(x) = y"h(x) = g (Jx = x"* =€) s.tp<0
and the localized dual function:

¢x* (Ya /1“) = min 5 Lx* (Xa Yy, :LL)
XEX, || x—x*[|2<e

and the localized dual problem
max ¢(y, i)

Under certain constraint qualification and local convexity conditions, we must have f (x*) = ¢ (y*, u*

where the localization constraint becomes inactive.

Let x(y) be a minimizer and minimizer corresponds to the multiplier y. Then

o(y) = f(x(y)) — y"h(x(y))
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Thus
Vé(y) = Vf(x(y)"Vx(y) — y" Vh(x(y))Vx(y) — h(x(y))

= (Vf(x(¥))" =y Vh(x(y))) Vx(y) — h(x(y)) (4.27)
= —h(x(y))
According to the definitionx(y), we vanish the right-hand first term.

By the definition, we have
Vi)' -y Vh(x(y)) =0
And the Hessian is the derivative of gradient
V24(y) = —Vh(x(y))Vx(y)
and differentiate this with respect to y
V2 f(x(¥))" Vx(y) = Vh(x(y))" - y" V?h(x(y))Vx(y) = 0

Vx(y = (V2L(x(y),y))

Vh(x(y))"
Similarly, we can substitute above Hessian and derive
2 2 -1 T
VZ¢(y) = =Vh(x(y)) (ViL(x(y).y))  Vh(x(y)) (4.28)

where V2L(x(y),y) is the Hessian of the Lagrangian function that is assumed to be positive definite

at any (local) minimizer.

Lemma 4.21. the dual function ¢ has gradient

Lemma 4.22. The Hessian of the dual function is

-1
V2(y) = —Vh(x(y)) (ViL(x(y),y))  Vh(x(y))"
There two lemmas indicate the localization primal and dual problem has the local solution x*
and y* respectively
Example 4.23. we have toy example

min (21 — 1)° + (22 — 1)°
s.t. %14’21‘2*1:0
201 +x9—1=0

Lagrangian formula
L(x,y) = (x1 — 1)+ (22 — 1)2 —y1 (1 + 202 — 1) —ya (221 + 20 — 1)
x1 and xo have the closed form by differentiating with respect to x1, T2

T =0.5y1 —|—y2+17 To =11 +05y2+1
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substitute to the Lagrangian formula
¢(y) = —1.25y7 — 1.25y5 — 2y1y2 — 2y1 — 2u2
The gradient of dual function

v¢>(y)=< 2.5y1 + 2ys + 2 )

2y1 + 2.5y21 + 2

The Hessian of the dual function is

—1 T
) (12 2 0 1 2 (25 2
Vi) = <2 1)(0 2> <2 1>_ <2 2.5)

4.3.2 Augmented Lagrangian Function (ALF)

The augmented Lagrangian function is an efficient method for local optimization problems. And
this method combines the primal-dual method and penalty function. It will discard each drawback

of the method. Let consider this toy example
Example 4.24. (Fisher Example)

min  5log (2x1 + 22) + 8log (3z35 + x4)
st. x1+zr3=1
To + Xy = 1

x>0
The Lagrangian function
L(x,y) = 5log (21 + x2) + 8log (3xs + x4) —y1 (1 + x3 — 1) —ya (2 + 24 — 1)
Start from y° > 0, at the kth step, compute x**1 from

k+1

b'q = arg r}r{léa%(L (x, yk) ,

then let )

gl — gk g 2 (AXkJrl _ b)

5
In both theory and practice, we actually consider an augmented Lagrangian function (ALF)
B
La(x,y) = f(x) = y"h(x) + S [h(x)[I?,
which corresponds to an equivalent problem above:
L 8 )
fo=min f(x)+ 5 b))
st. h(x)=0 (4.29)

xeX
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Note that, although at feasibility the additional square term in objective is redundant, it helps

to improve strict convexity of the Lagrangian function. The Fisher example:
L,(x,y) = 5log (2z1 + z2) + 8log (3z3 + x4) —y1 (1 + 23 — 1) —y2 (22 + x4 — 1)

+ g ((xl tas— 1)+ (z0 + a4 — 1)2)

Now the dual function:

bay) = iy La(x,y)

and the dual problem
> ¢r :=max  ¢u(y).

Note that the dual function approximately satisfies %-Lipschitz condition (see Chapter 14 of Luen-

berger et al. (1984)). For the convex optimization case, say h(x) = Ax — b, we have

V2La(x,y) = V2f(x) + 3 (ATA) .

The augmented Lagrangian method (ALM) is: Start from any (XO e X, yo)7 we compute a new
iterate pair
x**! = argmin L, (X, yk) , and y* Tt = y* — gh (xk+1)
xeX
The calculation of x is used to compute the gradient vector of ¢,(y), which is a steepest ascent
1

direction. The method converges just like the SDM, because the dual function satisfies 3 Lipschitz

condition. Other SDM strategies may be adapted to update y (the BB, ASDM, Conjugate, Quasi-

Newton ...).

Consider the convex optimization case h(x) = Ax — b. Since x**! makes KKT condition and

take the derivative:
0=Vf(x"") - ATy" + AT (Ax**! —b)

= Vf (x1) — AT (y* - 8 (Ax* L — b))
—Vf (XkJrl) — ATk
we only need to be concerned about whether or not ||Ax’“ — b|| converges to zero and how fast it

converges. First, from the convexity of f(x), we have
0< (Vf (xk—i-l) VS (Xk))T (Xk+1 _ Xk)
_ (7ATyk+1 + ATyk)T (Xk+1 - xk)
_ (yk:+1 _ yk)T (Akarl _ Axk)
= —f3 (Ax"T! —b) (AX"™ — b — (Ax" — b))

which implies that ||Ax*? — b|| < ||Ax" —b||, that is, the error is non-increasing. Note that it is
easy to get 0 < (Vf (x*1) -V (xk'))T (x*+1 — x*) from convex function first order condition.

Proof. From convex function first order condition

—(fly) = () < =Vf(x)"(y —%)
fy) = x) < V) (y —x)
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Then
0< (Vf(y)- Vi) (y—x)

Again, from the convexity, we have

0< (Vf (xF1) =V (x)" (" —x)
(ATka _ ATy*)T (xk+1 _ x*)
(yk+1 )T (Axk+1 _ Ax*)
y ) (Ax"*1 —b)
% (y"+ - y*)T (y" — y*+1)

Thus, from the positivity of the cross product, we have

k+1 y*

2 _ Hyk _ gkl gkl g 2
> Hyk _ yk+1H2 + Hyk+1 oy 2
L Y

[y* =y

2

Sum up from 0 to k of the inequality we have

k
B [l ax bl

=0

k
> Axt b

=0
> (k+ 1) ||AxF! — b||*

2 > Hyk+1 . y*|

ly® =y

4.4 Augmented Direction Method with Multipliers (ADMM)

4.4.1 Two-Blocks ADMM

For the ADMM method, we consider two block structured problem
min fi (x1) + fa (x2)  st. Aixy + Aoxo = b, x; € X1,x2 € Xo.
Consider
L(x1,%2,y) = fi (x1) + fo (x2) — y7 (A1x1 + Aoxo — b) + g |A1x1 + Aoxs — bl%.

Then, for any given (X’f , Xg , yk), we compute a new iterate

k+1 . k Lk
X =arg min L (x1,x
1 gx1€X1 ( ) X2, Y )
k+1 _ . k+1 k
Xy '~ = arg min L(x1 , X2,y )

X2€ X2

vl =y* B (AixiT 4+ Aox5t b).
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Again, we can prove that the iterates converge with the same speed. The ADMM method resembles
the Block Coordinate Descent (BCD) Method

Consider the standard-form LP

min ch1
min ¢’x
st. Ax;=Db
st. Ax=Db
X1 —Xg = 0
x>0

XQZO

L (x1,x2,y) = CTXl — YT (Ax; —b) — s” (x1 —x2) + g (||AX1 - b”2 + [Jx1 — X2||2)

where y and s are the multiplier vectors of first and second equality constraints in the reformulation.
The advantage of such splitting reformulation is that the update of either x; or x5 has a simple close

form solution.

Consider the dual LP
max(y,s) bTy

s.t. ATy +s=¢,s>0

The augmented Lagrangian function would be
3
L(y,s,x) = —by —x" (ATy +s—c) + g ATy +s—c]|",

where (8 is a positive parameter, and x is the multiplier vector.

The ADMM for the dual is straightforward: starting from any y°, s > 0, and multiplier x, -
Update variable y:

y**! = argmin L (y,sk,xk)
y

- Update slack variable s:

k+1

: k+1 k
S = argmin L S, X
g e (y ) S, )

- Update multipliers x :
X =k _ g (ATych gkt c) '

Note that the updates of y is a least-squares problem with constant matrix, and the update of s
has a simple close form. (Also note that x would be non-positive at the end, since we changed
maximization to minimization of the dual.) To split y into multi blocks and update cyclically in

random order? The answer is it could work well.
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we provide the toy example

min  5log (221 + x2) + 8log (3x3 + x3)

st. x1+x3—1=0
To+x4—1=0
2¢1 +x9 —u1 =0
3r3+ x4 —us=0
x—s=0
s>0

Based on the Lagrangian method, let the first block primal variables be x and the second be (u,s).

Then start from y° repeat the ADMM steps. Note that all primal variables have close-form solutions.

4.4.2 Three-Blocks ADMM
What about ADMM for

min fi (x1) + f2 (x2) + f3 (x3)  s.t. Aixy + Aoxo + Azxz = b,
where the Lagrangian function

L (x1,%2,X3,y) =f1 (X1) + f2 (x2) + f3 (x3) =y (A1x1 + Asx2 + A3x3 — b)

+ g ||A1X1 + A2X2 + A3X3 — bH2

Then, for any given (X]f, Xg, x§,yk), we compute a new iterate

k+1 . k ok k
x1+ :argn}l{lnL(xl,xz,xg,y)
1
k+1 _ . k+1 k ok
Xs —argrr}lcmL(X1 ,X27X37y)
2
k+1 _ . E+1 _k+1 k
X3 —argn;l(mL(x1 , X ,X3,y)
3

yktl=yb _p3 (Alxk"'1 + AQXIQ€+1 + A3X§+1 — b)

Not easy to analyze the convergence: the operator theory for the ADMM cannot be directly
extended to the ADMM with three blocks, since the proof for two blocks breaks down for three

blocks. Existing results for convergence:

e Strong convexity; plus carefully select £ in a specific range.

e Other restricted conditions on the problem, and take a sufficiently smaller step-size factor

1>~ > 0 in dual update.

yrtl=yb —p (Alxlfle + A2X§+1 + Ag,x’?fJr1 — b) .
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e Various post correction steps, which are costly. But, these did not answer the open question
whether or not the direct extension of multi-block ADMM converges under the original simple

convexity assumption.

Theorem 4.25. There existing an example where the direct extension of ADM M of three blocks is
not necessarily convergent for any choice of B. Moreover, for any randomly generated initial point,
ADMM diverges with probability one.

The problem with unique solution x* =0 :

1 1 X1
minO-x7 +0-29+0-23 s.t. 1 1 To =0,
1 2 xIs

Does the smaller step-size (1 > v > 0) dual update work? Answer: it remains divergent when

solving
1 1 1 T
minO-21 +0-29+0-23 s.t. 1 1 1+~ To =0,
1 14+ 144y 3

The ADMM with 8 =1 is a linear matrix mapping

300000 0 -4 -5 1 1 1
46 0000 00 -7 112
57900 0 | ot e 00 0 122/, , .
X = T
11100 [TV 00 o 100 |&Y)
112010 00 0 010
122001 00 0 001

we can give some comments to matrix M, we can simplify the good structure. Even if the we iterate
by many steps, the matrix M eigenvalue still is very large. We need try to reduce the eigenvalue

during iterating. which can be reduced to

k+1 k
Lo )
k+1 _ k
T =M\ zj
k41 k
Yy y

where and it is the linear mapping

144 -9 -9 -9 18
8 7 -5 13 -8
64 122 122 —-58 —64
56 —-35 =35 91 56
—88 —26 —26 —62 88

1
162

But the spectral radius of the matrix, p(M) = 1.0087 > 1, which implies that the mapping is not a

contraction.
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Definition 4.26. Let Ay,..., A\, be the eigenvalues of a matrix A € C™*"™. The spectral radius of
A is defined as

p(A) = max {|\i],..., | Anl}. (4.30)

> M;
n

the trick we use is to take the average. p(M;) > 1, Vi, then p(
radius equals p(E[M;]) < 1

) < 1. In the sense, spectral

In general, consider a convex optimization problem

m}i%r}vfl (x1)+ ...+ fn(xn)

x€E
st Ax (= Ay xy+---+A,x, =D

XiEXiCRdi,izl,...,n

2
= S" () — yT I B .
L(Xl;-'-axn;Y)*Zfl(xz) y <ZA1X1 b>+2|ZAzXz b
The direct Cyclic Extension Multi-block ADMM:
X| ¢— argxrflelg}lL(Xl, X3 Y)
Xn < argxinei/l%n L (le <o Xnj Y)
y ¢—y - B(Ax —h)
we can use mathematics induction to prove why multi-block could work
4.4.3 Random-Permuted ADMM (RP-ADMM)
In each round, draw a random permutation o = (o(1),...,0(n)) of {1,...,n}, and use the

Update Order : X,(1) = Xg(2) = -+ = Xg(n) Y

e This is equivalent to a random sample without replacement so it costs nothing.
e Interpretation: Force ”absolute fairness” among blocks.

e Simulation Test Result on solving linear equations: always converges!

We produced a positive result for ADMM on solving the system of linear equations.

Consider solving a nonsingular square system of linear equations ( f; =0,Vi ). mingcgy o 0
st. Ayxq + -+ A,x, = b, RP-ADMM generates z*, an r.v., depending on

: L
&= (01,...,01), Z'=Myz'""ji=1,...,k,

where o; is the random permutation at i-th round. Denote the expected iterate ¢F := Ee, (ZIC)
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Theorem 4.27. The expected output converges to the unique solution of the linear system equations

any integer N > 1.

Remark 4.28. Expected convergence # convergence, but is a strong evidence for convergence for

solving most problems, e.g., when iterates are bounded.

e The update equation of RP-ADMM is
2" = M, 2"
where M, € R?N*2N depend on o.
e Define the expected update matrix as

1
M:E(,(MU):HZMU

Theorem 4.29. The spectral radius of M, p(M), is strictly less than 1 for any integer N > 1.

Remark 4.30. For A in the divergence example, p (M) > 1 for any o. Averaging Helps

In general, consider a convex quadratic optimization problem

. 1
min c{xl +...+ cfxn + =xTQx
xERN 2

st. Ax = Axy+---+A4,x,=b
Theorem 4.31. Under some technical assumptions, the expected output of randomly permuted

ADMM converges to the solution of the original problem for any integer N > 1.

Here could we add the constraint x; > 0. In fact, it does not work by ADMM. Because in
the iteration step, it is linear mapping. This specific constraint will block the linear mapping.

Experiment shows it could work but proof we do not know.

e Non-square system of linear equations - ”yes”

Non-separable convex quadratic minimization with linear equality constraints - ”yes”

e Convergence w.h.p.7?

Generalize to inequality systems or convex optimization at large??

Generalize to non-convex optimization??

ADMM where, in every iteration, each block are randomly assembled without replacement??
Software based on ADMM
e SCS: http://www. stanford. edu/”boyd/cvx for CLP

85



e ABIP: https: / github. com/sepvar/ABIP for solving LP

e RACQP: https://github. com/kmihic/RACQP for quadratic minimization with mixed con-

tinuous and integer decision variables.

Ref Chapter 8.6-7,9.1-9.5,10.1-4

4.5 Second Order Optimization Algorithms

4.5.1 1.5-Order Algorithm

Why the the method is 1.5-order? Because in the whole process, the Hessian matrix is involved.
However, we approximate the second order into first order information. And some paper could

provide the theoretical guarantee that it preform well.

Dimension Reduced Second Order Method

We expand to use the double direction method. If the problem is the convex function and the

Hessian matrix is PSD and the coefficient matrix is invertible

Let d¥ =x*F —xF=1 gk =VFf (Xk) and H* = V2f (xk), then the step-sizes can be chosen from

(6" H'gr - (@) gt (ar ) (et 431
_ (dk)THkgk (dk)T HEQk am )\ Z (gk)Tdk (4.31)
If the Hessian V2 f (xk) is not available, one can approximate. That’s why this is dimension reduced
method.

Hk gkNV(Xk‘f'gk)_gk ande dev(Xk+dk)_gkN_(gk—l_gk)
or for some small € > 0 :

H*gh ~ % (V (x* + eg") —g") and HFd" ~ © (V (x* +ed*) — g").

€

Then we will introduce the Newton method

4.5.2 Ellipsoid Method

This is the first method to solve the linear program

Ellipsoids are just sets of the form

E={yeR":(y-y) B 'y -y <1}
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where y € R™ is a given point (called the center) and B is a symmetric positive definite matrix of
dimension m. We can use the notation ell (¥, B) to specify the ellipsoid E defined above. Note that

vol(E) = (det B)*/2vol(5(0,1))

where S(0, 1) is the unit sphere in R™. and vol is the volume. How to iterate? We will use the half

ellipsoid to generate the new one.

By a Half-Ellipsoid of F, we mean the set

%Ea = {y ceE:aly< aT?}

for a given non-zero vector a € R where ¥ is the center of F - the intersection of the ellipsoid and
a plane cutting through the center. We are interested in finding a new ellipsoid containing %Ea with

the least volume.

The new ellipsoid E* = ell (y*, B™)can be constructed as follows. Define

1 m?
T m-+1’ m2—1’ 7 T
And let -
7+ e =
y :=y— ——~-Ba
(aTBa)l/2
BaaTB
BT :=¢(B-0—-——
< ’ aTBa )

Theorem 4.32. Ellipsoid E* =ell (y+,B+)deﬁned as above is the ellipsoid of least volume con-
taining %Ea. Moreover,
vol (ET) 1
— < _— 4.32
vol(E) = P ( 20m + 1)) (4.32)
This theorem indicate the ellipsoid strictly decreases. consider a standard linear program

min ¢’x
st. Ax<Db

we could use penalty function to relax
min  ¢/x 4+ MI(Ax —b)
Where M is big value

The ellipsoid method also work in the non-smooth objective function. In addition, we introduce

the average case analysis.

In computational complexity theory, the average-case complexity of an algorithm is the amount
of some computational resource (typically time) used by the algorithm, averaged over all possible in-
puts. It is frequently contrasted with worst-case complexity which considers the maximal complexity

of the algorithm over all possible inputs.
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Figure 4.3: Ellipsoid Method

There are three primary motivations for studying average-case complexity. First, although some
problems may be intractable in the worst-case, the inputs which elicit this behavior may rarely
occur in practice, so the average-case complexity may be a more accurate measure of an algorithm’s
performance. Second, average-case complexity analysis provides tools and techniques to generate
hard instances of problems which can be utilized in areas such as cryptography and derandomization.
Third, average-case complexity allows discriminating the most efficient algorithm in practice among

algorithms of equivalent best case complexity (for instance Quicksort).

Average-case analysis requires a notion of an ”average” input to an algorithm, which leads to the
problem of devising a probability distribution over inputs. Alternatively, a randomized algorithm

can be used. The analysis of such algorithms leads to the related notion of an expected complexity

Example 4.33. Qicksort has a worst-case running time of O(n?), but an average-case running time

of O(nlogn), where n is the length of the input to be sorted.

4.5.3 Newton Method
Consider the two order Taylor expansion

F0) % Flo0) + Vi) (= 30) T+ 50— 1) 9 i) x — )

The right hand could be minimized by derivative

X1 = X5, — [V2f(xi)] 'V f(xp) "
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the first modification is that usually a search parameter «
X1 =X — a[V2 (a0 TV £ (x)"
We now introduce the second-order g-Lipschitz condition: for any point x and direction vector d
[Vf(x+d) - Vf(x) - V2f(x)d| < 8lld|,

which implies
Foctd) = 700 < VAT + a7V f(x)d + 5

In the following, for notation simplicity, we use g(x) = Vf(x) and Vg(x) = V2f(x). Thus,
P = xk — (Vg (xk))_l Vf (xk) , or Vg (xk) (x’”‘1 — xk) =g (xk)

Indeed, Newton’s method was initially developed for solving a system of nonlinear equations in the
form g(x) =0

Theorem 4.34. Let f(x) be -Lipschitz and the smallest absolute eigenvalue of its Hessian uni-
formly bounded below by Amin > 0. Then, provided that ||X0 - X*H is sufficiently small, the sequence

generated by Newton’s method converges quadratically to x* that is a KKT solution with g (x*) = 0.

= = [ = x = Ve () e ()
= [¥e ()" (8 () - Ve (") (= x)|
= [ve () (8 () — 5 () ~ Vg () (xF —x)|
< |[Ve () || llg (<) —g (') = Ve () (xF = x7)|
] O e e L
Thus, when 12— [[x” — x*|| < 1, the quadratic convergence takes place:

2
2 st - < ()\/jionk—x*|> | (4.33)

0

Such a starting solution x" is called an approximate root of g(x).
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